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Geometric dynamics on
the automorphism group of principal bundles:
geodesic flows, dual pairs and chromomorphism groups
Franc¸ois Gay-Balmaz1, Cesare Tronci2, and Cornelia Vizman3
Abstract
We formulate Euler-Poincare´ equations on the Lie group Aut(P ) of automor-
phisms of a principal bundle P . The corresponding flows are referred to as EPAut
flows. We mainly focus on geodesic flows associated to Lagrangians of Kaluza-Klein
type. In the special case of a trivial bundle P , we identify geodesics on certain
infinite-dimensional semidirect-product Lie groups that emerge naturally from the
construction. This approach leads naturally to a dual pair structure containing
δ-like momentum map solutions that extend previous results on geodesic flows on
the diffeomorphism group (EPDiff). In the second part, we consider incompressible
flows on the Lie group Autvol(P ) of volume-preserving bundle automorphisms. In
this context, the dual pair construction requires the definition of chromomorphism
groups, i.e. suitable Lie group extensions generalizing the quantomorphism group.
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1 Introduction
Many physical systems are described by geodesic dynamics on their Lie group configura-
tion space. Besides finite dimensional cases, such as the rigid body, one of the most cele-
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brated continuum systems is Euler’s equation for ideal incompressible fluids Arnold [1966],
followed by magnetohydrodynamics in plasma physics Hattori [1994]. These geodesic fluid
flows may allow for δ-like measure valued solutions, whose most famous example is the
vortex filament dynamics for Euler’s vorticity equation. Another example is provided by
the magnetic vortex line solutions of MHD Garcia de Andrade [2006], which are limiting
cases of the magnetic flux tubes observed, for example, on the solar surface.
Then, the existence of vortex solutions in different physical contexts leads to the
natural question whether these singular solutions may emerge spontaneously in gen-
eral continuum descriptions. For example, Euler’s equation is not supposed to gen-
erate vortex solutions, which are usually considered as invariant solution manifolds.
On the other hand, the singularity formation phenomenon (steepening) is one of the
special features of certain shallow-water models such as the integrable Camassa-Holm
equation (CH) Camassa and Holm [1993] and its higher dimensional version (n-CH)
Holm, Marsden, and Ratiu [1998], describing geodesics on the diffeomorphism group with
respect toH1 metrics. Its extension to more general metrics is known as EPDiff Holm and Marsden
[2004] and found applications in different contexts, from turbulence Foias et al. [2001] to
imaging science Holm et al. [2004]. Remarkably, the singular solutions of these systems
have been shown to be momentum maps determining collective dynamics on the space
of embeddings. This momentum map turns out to be one leg of a dual pair associated
to commuting lifted actions on the cotangent bundle of embeddings, Holm and Marsden
[2004].
Another remarkable property of the Camassa-Holm and its n-dimensional generaliza-
tion on manifolds with boundary is the smoothness of its geodesic spray in Lagrangian
representation (Holm and Marsden [2004], Gay-Balmaz [2009]) which proves the local
well-posedness of the equation in Sobolev spaces. Such a property was first discovered
in Ebin and Marsden [1970] for ideal incompressible fluids and later extended to the aver-
aged Euler equations with Dirichlet or Navier slip boundary conditions (Marsden, Ratiu, and Shkoller
[2000], Shkoller [2000], Gay-Balmaz and Ratiu [2005]).
The integrability properties of the CH equation were extended to a two component sys-
tem (CH2) Chen, Liu, and Zhang [2005]; Kuz’min [2007]. This system was interpreted
in terms of shallow water dynamics by Constantin and Ivanov Constantin and Ivanov
[2008], who also proved the steepening mechanism. The investigation of the geometric
features of the CH2 system allowed to extend this system to any number of dimension
and to anisotropic interactions Holm and Tronci [2008]. Although possessing a steepening
mechanism (singularity formation), the CH2 equations do not allow for δ-like solution in
both variables thereby destroying one of the peculiar features possessed by the CH equa-
tion. However, slight modifications in the CH2 Hamiltonian introduce the δ-function
solutions for a modified system (MCH2). These solutions were shown to emerge spon-
taneously in Holm, O´ Na´raigh, and Tronci [2009], where the corresponding steepening
mechanism was presented. Recently, the MCH2 system has been shown to be in strict
relation with the two-dimensional EPDiff equation Holm and Ivanov [2011].
All the systems mentioned above determine specific geodesic flows on certain infinite
dimensional Lie groups: CH and n-CH are geodesics on the whole diffeomorphism group,
while CH2 and MCH2, as well as their n dimensional generalization or their extension to
anisotropic interactions, are geodesics on a semidirect product involving diffeomorphisms
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and Lie group-valued functions (i.e. the gauge group). Therefore one is led to investi-
gate further the properties of geodesic flows on diffeomorphism groups (cf. e.g. Vizman
[2008]), with particular attention towards the singular solution dynamics and its underly-
ing geometry. Some of the momentum map properties of MCH2-type systems were found
in Holm and Tronci [2008]. These suggest that more fundamental features are attached
to systems on infinite-dimensional semidirect-products. This stands as the main moti-
vation for this paper, which focuses on the investigation of the deep geometric features
underlying MCH2-type systems, in terms of geodesic flows on the Lie group of bundle au-
tomorphisms. In physics, the Lie group Aut(P ) of automorphisms of a principal bundle P
is the diffeomorphism group underling Yang-Mills charged fluids Holm and Kupershmidt
[1988], Gay-Balmaz and Ratiu [2008] and this provides a physical interpretation of the
geodesic flows considered here. For example, MCH2 corresponds to an Abelian Yang-Mills
charged fluid, that is a fluid possessing an electric charge. When the principal connection
on P is used to write the explicit form of the equations, this leads to the interpretation
of a charged fluid in an external magnetic field, whose vector potential is given precisely
by the connection one-form.
1.1 Goal of the paper
In this paper, we investigate geodesics on the automorphism group of a principal bundle,
thereby formulating what we shall call the EPAut equations (Euler-Poincare´ equations
on the automorphisms), which generalize the systems mentioned in the previous section.
In particular, the principal bundle setting allows to comprise all the momentum map
properties of MCH2-type systems Holm and Tronci [2008] in a single dual pair diagram.
One leg of this dual pair characterizes the singular solution dynamics of EPAut, whereas
the other leg naturally yields Noether’s conserved quantities. In addition, the bundle
setting simplifies the group actions which are involved in the reduction process, so that
these actions are now simply the cotangent lifts of the left- and right- composition by the
automorphism group.
In a more physical context, the present work is also motivated by the introduc-
tion of a vector potential A (associated to the principal connection, denoted by A) in
MCH2-type dynamics, which arises naturally from our principal bundle approach. This
quantity is intrinsic to any principal bundle: for example, in the case of a non-trivial
bundle, a connection becomes necessary in order to write the equations explicitly. A
similar approach was used in Gay-Balmaz and Ratiu [2008] to present the reduced La-
grangian and Hamiltonian formulations of ideal fluids interacting with Yang-Mills fields,
Gibbons, Holm, and Kupershmidt [1983]. The introduction of non-trivial principal bun-
dles in physics is motivated by their frequent appearance in common gauge theories
Bleeker [1981].
Motivated by the dynamics of incompressible Yang-Mills fluids, we also consider
volume-preserving fluid flows. As a result, we obtain a Yang-Mills version of Euler’s
equation on the volume-preserving automorphism group Autvol. In this situation, an
incompressible fluid carries a Yang-Mills charge under the influence of an external Yang-
Mills magnetic potential (the connection one-form). The incompressibility property sig-
nificantly affects the properties of the system. Then, the resulting equations may involve
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the fluid vorticity ω = curlu and the natural question arises whether the geometric
properties of Euler’s equation (cf. Marsden and Weinstein [1983]) can be extended to
the present case. In this context, the momentum map properties deserve particular care,
since they require the use of appropriate extensions of infinite dimensional Lie groups.
The geometry involved is extremely rich and highly non trivial, yielding relations with the
group of quantomorphisms, whose extension to the Yang-Mills setting (the chromomor-
phism group) becomes necessary. In the last part of the paper we shall present explicit
formulas for the left and right momentum maps associated to the EPAutvol system.
1.2 Summary of the main results
This paper formulates the general Euler-Poincare´ equations on the Aut(P ) group of au-
tomorphisms on a principal O−bundle P . In physical terms this construction generalizes
ordinary fluid flows, such as Burgers or Camassa-Holm equations, to account for the
transport of some Yang-Mills charge under the influence of a magnetic potential, given
by the connection one-form on P .
Besides the explicit formulation of the equations, a first result is obtained in Section 2
for the case of a trivial bundle P = M ×O, and it regards the construction of a dual pair
that extends the results presented in Holm and Tronci [2008]. Section 2.4 investigates
the geometric properties of the dual pair structure in terms of Clebsch variables, singular
solutions and their associated conservation laws. Remarkably, these properties are all
embodied in the dual pair structure, which is the unique feature of this construction.
In Section 3, the more general case of a non-trivial principal bundle is considered
and the corresponding equations are presented in different fashions. The main result
regards again the dual pair structure. In particular, the Clebsch representation of the
fluid momentum is found to involve its own magnetic field, which in turn affects the
singular solution dynamics; see Section 3.6.
Motivated by the geometric dynamics of incompressible Yang-Mills fluids, Section
4 investigates the incompressible version of EPAut, thereby studying geodesic flows on
the bundle automorphisms that project down to volume-preserving diffeomorphisms on
the base. This immediately extends Euler’s equation for ideal fluids to account for the
transport of a Yang-Mills charge.
After presenting the explicit form of the equations in different cases, Section 5 focuses
on the geometry underlying this incompressible flow, thereby obtaining a new Cleb-
sch representation of the fluid vorticity, that also encodes the presence of the advected
Yang-Mills charge. Finally, Section 5.4 compares both left and right momentum maps
with the corresponding expressions applying to the case of Euler’s vorticity equation
Marsden and Weinstein [1983]. This construction requires the use of Lie group exten-
sions. In particular, the left leg momentum map requires (see Section 5.4.1) the definition
of new Lie groups, the chromomorphism groups, that extend the quantomorphism group
to comprise Yang-Mills particle systems.
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2 EPAut flows on a trivial principal bundle
This section presents the EPAut system of equations in the special case of a trivial prin-
cipal bundle. The discussion below recalls background definitions of the automorphism
group of principal bundles and specializes them to the case of a trivial bundle.
2.1 Generalities on bundle automorphisms
Before giving the EPAut equation we recall some facts concerning the Euler-Poincare´ and
Lie-Poisson reductions. Consider a right principal bundle π : P → M , with structure
group O. We denote by
Φ : O × P → P , (g, p) 7→ Φg(p)
the associated right action. The structure group O is sometimes called order parameter
group in condensed matter physics. The automorphism group Aut(P ) of P consists of
all O-equivariant diffeomorphisms of P , that is, we have
Aut(P ) = {ϕ ∈ Diff(P ) | ϕ ◦ Φg = Φg ◦ ϕ, for all g ∈ O},
where Diff(P ) denotes the group of all diffeomorphisms of P . An automorphism ϕ induces
a diffeomorphism ϕ¯ of the base M , by the condition π◦ϕ = ϕ¯◦π. The Lie algebra aut(P )
of the automorphism group consists of O-equivariant vector fields on P .
When the bundle P is trivial we can write P = M ×O. In this case the group of all
automorphisms of P is isomorphic to the semidirect product group
Aut(P ) ≃ Diff(M)sF(M,O),
where F(M,O) denotes the gauge group ofO-valued functions defined onM , and Diff(M)
acts on F(M,O) by composition on the right. To a couple (η, χ) in the semidirect product,
is associated the automorphism
(x, g) ∈M ×O 7→ (η(x), χ(x)g) ∈M ×O.
In the trivial case, the Lie algebra of the automorphism group is the semidirect product
Lie algebra X(M)sF(M, o), where X(M) denotes the Lie algebra of vector fields on
M , while o denotes the Lie algebra of the structure group O, so that F(M, o) is the Lie
algebra of o-valued functions defined on M .
2.2 The EPAut system on a trivial principal bundle
When P is a trivial principal bundle, the Euler-Poincare´ equations on the automorphism
group Aut(P ) are given in the following proposition. (See e.g. Gay-Balmaz and Ratiu
[2009] and Holm [2002] for its proof in the context of complex fluid dynamics).
Proposition 2.1 (The EPAut equations on a trivial principal bundle) Let L be
an invariant Lagrangian L : TAut(M×O)→ R , so that the isomorphism Aut(M×O) ≃
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Diff(M)sF(M,O) yields L(ϕ, ϕ˙) = L(η, η˙, χ, χ˙). Then, upon introducing the reduced
variables
(u, ν) = (η˙ ◦ η−1, (χ˙χ−1) ◦ η−1) ∈ X(M)sF(M, o),
the Euler-Poincare´ equations on Aut(M ×O) ≃ Diff(M)sF(M,O) that arise from the
symmetry-reduced Hamilton’s principle
δ
∫ t2
t1
l(u, ν) dt = 0,
are written as
(1)

∂
∂t
δl
δu
+£u
δl
δu
+
δl
δν
·dν = 0
∂
∂t
δl
δν
+£u
δl
δν
+ ad∗ν
δl
δν
= 0,
where the operator £u denotes the Lie derivative acting on tensor densities.
One can similarly write the Lie-Poisson equations associated to a right-invariant Hamil-
tonian H defined on T ∗Aut(P ); see Holm and Tronci [2008].
Remark 2.2 (Duality parings) In this paper, by the dual of a function space F we
mean a space F∗ in nondegenerate duality with F with respect to an L2 pairing 〈·, ·〉.
We do not specify the precise regularity involved, it will be clear that different situations
require different regularity properties, in order to obtain well-defined expressions. For
example, in the formulation of the Euler-Poincare´ equations (1), we have chosen the
regular dual, that is
X(M)∗ × F(M, o)∗ =
(
Ω1(M)⊗ Den(M)
)
×
(
F(M, o∗)⊗ Den(M)
)
,
whereas, the momentum maps and singular solutions will take values in the topological
dual space.
Remark 2.3 (Pairing notations) Several notational issues emerge from the various
pairings appearing in this paper. However, angle brackets (e.g. 〈u,v〉) and the dot
pairing (e.g. σ · ν) will be used throughout the text depending only on convenience
purposes. We hope that this will not generate confusion.
In order to write the EPAut equation more explicitly, it is convenient to fix a Rie-
mannian metric g on M . Let v ∈ X(M) and c ∈ F(M, o∗) such that δl/δu = v♭ ⊗ µM
and δl/δν = σ ⊗ µM , where µM is the Riemannian volume. Then equation (1) can be
equivalently written as
(2)
{
∂tv +∇uv +∇u
T · v + v div(u) + (σ · dν)♯ = 0
∂tσ + dσ · u+ σ div(u) + ad
∗
ν σ = 0,
where ♯ denotes the sharp operator associated to the Riemannian metric g. For δl/δν = 0,
this system reduces to an Euler-Poincare´ equation on the diffeomorphisms (EPDiff); see
Holm and Marsden [2004]; Holm, Marsden, and Ratiu [1998].
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Remark 2.4 (Related physical systems) Similar structures as in the equations (1)
also appear in the geometric characterization of the dynamics of Euler-Yang-Mills fluids
(Gay-Balmaz and Ratiu [2008] and Vizman [2008]) and complex fluids (Holm [2002]).
In the latter case the equations are obtained by introducing advected quantities that are
acted on by the automorphism group through affine representations (Gay-Balmaz and Ratiu
[2009]).
2.3 Kaluza-Klein Lagrangians and Hamiltonians
When l is a quadratic function of (u, ν), then the EPAut equation is the Eulerian de-
scription of geodesic motion on the automorphism group. A natural Lagrangian arising
in this context is the Kaluza-Klein Lagrangian given by
(3) l(u, ν) =
1
2
‖u‖21 +
1
2
‖ν + A·u‖22,
relative to a given one-form A ∈ Ω1(M, o) and to inner product norms ‖ ‖1 and ‖ ‖2
on X(M) and F(M, o), respectively. The inner products are usually given by positive
symmetric differential operators Q1 : X(M) → X(M)
∗ and Q2 : F(M, o) → F(M, o)
∗,
that is, one defines the inner products
〈u,v〉1 :=
∫
M
u ·Q1v and 〈ν, ω〉2 :=
∫
M
ν ·Q2ω,
When these differential operators are invertible, the associated Hamiltonian h on X(M)∗×
F(M, o)∗ may be found by Legendre transforming
m =
δl
δu
= Q1u+Q2(A · u+ ν) ·A ∈ Ω
1(M)⊗ Den(M)
σ =
δl
δν
= Q2(A · u+ ν) ∈ F(M, o
∗)⊗ Den(M).
so that
(4) h(m, σ) =
1
2
∫
M
(m− σ ·A) ·Q−11 (m− σ ·A) +
1
2
∫
M
σ ·Q−12 σ.
For example, if M = Rn and Gi denotes the Green’s function of Qi, then the EPAut
reduced Hamiltonian h : aut(P )∗ ≃ X(Rn)∗ ×F(Rn, o)∗ → R is written as
h(m, σ) =
1
2
∫∫
G1(x− x
′) (m(x)− σ(x)·A(x)) · (m(x′)− σ(x′)·A(x′)) dnx dnx′
+
1
2
∫∫
G2(x− x
′) σ(x) · σ(x′) dnx dnx′,(5)
thereby producing the Lie-Poisson equations
(6)
{
∂tm+£G1∗(m−σ·A) m+ σ ·d
(
G2 ∗ σ −A ·G1 ∗ (m− σ ·A)
)
= 0
∂tσ +£G1∗(m−σ·A)σ + ad
∗
G2 ∗σ−A ·G1 ∗ (m−σ·A)
σ = 0.
In Holm and Tronci [2008], these equations were derived in the special case when A = 0,
i.e. in the absence of external magnetic Yang-Mills fields.
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Remark 2.5 (Relevant specializations) When the manifold M is one dimensional,
the Lie group is O = S1, and A = 0, we recover the two-component Camassa-Holm
equation (CH2) Chen, Liu, and Zhang [2005]; Kuz’min [2007] by choosing the differential
operators Q1 = (1 − α
2∂2x) and Q2 = 1. The modified two-component system (MCH2)
Holm, O´ Na´raigh, and Tronci [2009] requires Q1 = (1 − α
2
1∂
2
x) and Q2 = (1 − α
2
2∂
2
x).
The higher dimensional and anisotropic versions studied in Holm and Tronci [2008] are
obtained by choosing an arbitrary manifold M , an arbitrary group O, and A = 0. The
corresponding choices for the differential operators are Q1 = (1 − α
2∆), Q2 = 1 (for
n-CH2) and Q1 = (1− α
2
1∆), Q2 = (1− α
2
2∆) (for n-MCH2).
Remark 2.6 (The Kelvin-Noether circulation theorem) The Kelvin-Noether the-
orem is a version of the Noether theorem that holds for solutions of the Euler-Poincare´
equations Holm, Marsden, and Ratiu [1998]. Let (u, ν) be a solution of the EPAut equa-
tion (1), and let ρ be a density variable satisfying the equation ∂tρ+ £uρ = 0. Then we
have
(7)
d
dt
∮
ct
1
ρ
δl
δu
= −
∮
ct
1
ρ
δl
δν
·dν,
where ct is a loop in M moving with the fluid velocity u. In the special case O = S
1, one
has ρ := δl/δν so that the right-hand side vanishes and Kelvin-Noether theorem yields
circulation conservation.
2.4 Momentum maps
2.4.1 General setting: the Kaluza-Klein configuration space
In order to characterize the geometry of singular solutions, we consider their dynamics
to take place in the phase space associated to a Kaluza-Klein configuration manifold
(8) QKK = Emb(S,M)× F(S,O) ∋ (Q, θ)
and we consider the left action of (η, χ) ∈ Aut(P ) ≃ Diff(M)sF(M,O) defined by
(9) (η, χ)(Q, θ) := (η ◦Q, (χ ◦Q)θ).
Since Emb(S,M) is an open subset of F(S,M), its tangent space at Q consists of vector
fields VQ : S → TM along Q, that is, we have VQ(s) ∈ TQ(s)M . In the same way,
by fixing a volume form dks on S, the cotangent space at the embedding Q consists of
one-forms PQ : S → T
∗M along Q. Note that when M = Rn then the cotangent bundle
is the product T ∗ Emb(S,Rn) = Emb(S,Rn)×F(S,Rn) and therefore, we can denote an
element in the cotangent bundle by a pair (Q,P). However, for an arbitrary manifold
M , T ∗Emb(S,M) is not necessarily a product, and one should use the notation PQ. The
tangent space to F(S,O) at θ consists of functions vθ : S → TO along θ. Similarly,
when a volume form dks is fixed on S, the cotangent bundle T ∗F(S,O) at θ consists of
functions κθ : S → T
∗O covering θ.
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2.4.2 Left-action momentum map and singular solutions
We now compute the momentum map associated to the action (9) cotangent lifted to
T ∗QKK . Given (u, ν) ∈ X(M)sF(M, o), the infinitesimal generator associated to the
left action (9) reads
(u, ν)QKK (Q, θ) = (u ◦Q, (ν ◦Q)θ).
Given a Lie group G acting on a configuration manifold Q, the momentum map J :
T ∗Q→ g∗ for the cotangent lifted action to T ∗Q reads
〈J(αq), ξ〉 = 〈αq, ξQ(q)〉,
where αq ∈ T
∗Q, ξ ∈ g and ξQ is the infinitesimal generator of the action of g on Q
associated to the Lie algebra element ξ. By applying this formula to our case, g = aut(P ),
we get the expression JL : T
∗QKK → X(M)
∗ × F(M, o)∗,
(10) JL (PQ, κθ) =
(∫
S
PQ(s)δ(x−Q(s))d
ks,
∫
S
κθ(s)θ(s)
−1δ(x−Q(s))dks
)
.
We shall show that this momentum map recovers the singular solution of (6) in Holm and Tronci
[2008], in the case A=0. First, one observes that JL is invariant under the right action
of F(S,O) on its cotangent bundle. Thus, JL induces a map J˜L on the reduced space
T ∗QKK/F(S,O) ≃ T
∗Emb(S,M)× F(S, o)∗
that is obtained by replacing µ(s) = κθ(s)θ
−1(s) ∈ F(S, o)∗ in (10). The reduced Poisson
structure on T ∗ Emb(S,M) × F(S, o)∗ is the sum of the canonical Poisson bracket on
T ∗ Emb(S,M) and the right Lie-Poisson bracket on F(S, o)∗, that is, if M = Rn, we have
(11) {F,G}(Q,P, µ) =
∫
S
(
δF
δQ
·
δG
δP
−
δF
δP
·
δG
δQ
)
dks+
∫
S
µ ·
[
δF
δµ
,
δG
δµ
]
dks.
Since the right action commutes with the left action of Diff(M)sF(M,O) on T ∗QKK ,
the map J˜L is a momentum map relative to the Poisson structure (11) and to the induced
left action on the reduced space T ∗ Emb(S,M) × F(S, o)∗. This recovers the result of
Holm and Tronci [2008], by reduction of the canonical structure. This also shows that
considering M×O as a trivial principal bundle is very natural in this context. Indeed, the
momentum map JL is simply associated to a cotangent lifted action. For a certain class
of EPAut Hamiltonians h, such as (4), it is possible to define the collective Hamiltonian
H := h ◦ JL : T
∗QKK → R
which produces collective Hamiltonian dynamics; see Holm and Marsden [2004] for the
special case µ(s) ≡ 0. This is for example the case for Hamiltonians associated to H1
metrics.
Because of its equivariance, the map JL is also a Poisson map with respect to the
canonical Poisson structure on the canonical cotangent bundle T ∗QKK and the right Lie-
Poisson structure on X(M)∗ × F(M, o)∗. Thus, any solution (PQ, κθ) of the canonical
Hamilton’s equations on T ∗QKK associated to H = h ◦ JL projects formally, via JL,
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to a (measure-valued) solution of the Lie-Poisson equation associated to h. One can
also use the momentum map J˜L. In this case, one has to solve Hamilton’s equations on
T ∗ Emb(S,M)×F(S, o)∗, given by
Q˙ =
∂H
∂P
, P˙ = −
∂H
∂Q
, µ˙ = − ad∗δH/δµ µ,
when M = Rn.
Remark 2.7 (Physical interpretation) This collective Hamiltonian extends the one
in Holm and Tronci [2008] to consider an external Yang-Mills magnetic field, given by
the potential A through the relation B = dAA. This may be of interest in the gauge
theory of fluids with non-Abelian interactions, which plays a fundamental role in certain
areas of condensed matter physics (cf. e.g. Holm and Kupershmidt [1988]; Holm [2002];
Gay-Balmaz and Ratiu [2009]).
Remark 2.8 (Existence of singular solutions) The existence of the momentum map
JL does not guarantee that the latter is also a solution of the system. For example, the use
of L2 norms in the EPAut Lagrangian (3) prevents singularities. As a consequence, the
collective Hamiltonian H = h◦JL may not be defined, since it requires the Hamiltonian h
to be well defined on the image of the momentum map. However, the use of appropriate
norms, such as H1, allows for singular solutions and this is one of the reasons why we
consider this particular case. Also, the absence of a magnetic field in the Abelian case
returns the MCH2 equations (cf. Holm, O´ Na´raigh, and Tronci [2009]), which are known
to produce singularities in finite time. Whether this steepening phenomenon persists
upon introducing a static magnetic field, this is an open question that deserves future
investigation.
2.4.3 Right-action momentum map and Noether’s Theorem
We now consider the right action of (γ, β) ∈ Aut(PS) = Diff(S)sF(S,O) on QKK
defined by
(12) (Q, θ)(γ, β) := (Q ◦ γ, (θ ◦ γ)β).
Given (v, ζ) ∈ X(S)sF(S,O), the infinitesimal generator is
(v, ζ)QKK(Q, θ) = (dQ·v,dθ·v+ θζ),
thus, the momentum map associated to the cotangent lifted action is
(13) JR : T
∗QKK → X(S)
∗ × F(S, o)∗, JR (PQ, κθ) =
(
PQ ·dQ+ κθ ·dθ, θ
−1κθ
)
.
which in turn identifies a Clebsch representation in the sense of Marsden and Weinstein
[1983]. Since the collective Hamiltonian H on T ∗QKK is invariant under the cotangent
lift of the right action (12), Noether’s Theorem asserts that
d
dt
(PQ ·dQ+ κθ ·dθ) = 0 and
d
dt
(θ−1κθ) = 0,
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for any solutions (PQ, κθ) ∈ T
∗QKK of Hamilton’s equations. To summarize the situation,
we have found the following dual pair structure
T ∗QKK
JL JR
aut(M ×O)∗ aut(S ×O)∗
 
 
 
 ✠
❅
❅
❅
❅❘
where aut(M×O)∗ = X(M)∗×F(M, o)∗ and analogously for aut(S×O)∗. The geometric
meaning of these dual pairs will be presented later in a more general setting.
Remark 2.9 (The case S = M) When S = M , then the embeddings of S into M
are the diffeomorphisms of M , that is, Emb(S,M) = Diff(M) and QKK = Diff(M) ×
F(M,O). Moreover, in this case the left and right actions (9), (12) recover left and
right translations on the automorphism group. Therefore, the Kaluza-Klein configuration
manifold can be identified with the group Diff(M)sF(M,O) ≃ Aut(M × O), and the
dual pair recovers the usual body and spatial representations for mechanical systems on
Lie groups. More precisely, JL recovers the Lagrange-to-Euler map, while JR corresponds
to the conserved momentum density.
3 EPAut flows on non-trivial principal bundles
3.1 Basic definitions
In this section we consider an arbitrary principal O-bundle π : P → M . Recall that the
Lie algebra aut(P ) of the automorphism group consists of equivariant vector fields U on
P , that is, we have
TΦg ◦ U = U ◦ Φg, for all g ∈ O.
In the case of non-trivial bundles, it is necessary to introduce a principal connection A to
split the tangent space into its vertical and horizontal subspaces. Recall that a principal
connection is given by an o-valued one form A ∈ Ω1(P, o) such that
Φ∗gA = Adg−1 ◦A and A(ξP ) = ξ,
where ξP is the infinitesimal generator associated to the Lie algebra element ξ. Using a
principal connection, we obtain an isomorphism
(14) aut(P )→ X(M)× FO(P, o), U 7→ ([U ],A(U)),
where [U ] ∈ X(M) is defined by the condition Tπ ◦ [U ] = U ◦ π and FO(P, o) is the space
of O-equivariant functions ω : P → o, i.e. ω ◦ Φg = Adg−1 ◦ω, for all g ∈ O. The inverse
of the isomorphism (14) reads (u, ω) 7→ HorA u+ σ(ω), where HorA is the horizontal-lift
associated to the principal connection A and σ(ω) is the vertical vector field on P defined
by σ(ω)(p) := (ω(p))P (p). The dual isomorphism reads
(15) aut(P )∗ → X(M)∗ × FO(P, o)
∗, β →
((
HorA
)∗
β, J ◦ β
)
,
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where aut(P )∗ = Ω1O(P ) ⊗ Den(M) is the space of O-invariant one-form densities and
analogously FO(P, o)
∗ = FO(P, o
∗)⊗Den(M). Here, J : T ∗P → o∗ denotes the cotangent
bundle momentum map, 〈J(αp), ξ〉 = 〈αp, ξP (p)〉.
3.2 General EPAut equations on principal bundles
Given a Lagrangian l : aut(P )→ R, the associated EPAut equation is
(16)
∂
∂t
δl
δU
+£U
δl
δU
= 0.
We now split this equation using the isomorphism (14) associated to a fixed principal
connection A. Therefore, the Lagrangian l : aut(P )→ R induces a connection dependent
Lagrangian lA : X(M)× FO(P, o)→ R defined by
l(U) = lA(u, ω), u = [U ], ω = A(U).
Using the dual isomorphism (15), the left hand side of (16) reads
∂
∂t
(
δlA
δu
,
δlA
δω
)
.
In order to split the right hand side, we will need the lemma below.
Recall that, associated to the principal connection A, there is a covariant exterior
derivative on o–valued differential forms on P defined by dA = hor∗ d, i.e.
dAω(X1, . . . , Xk+1) = dω(hor(X1), . . . , hor(Xk+1)),
where hor is the horizontal part of a vector in TP . In particular, the curvature of A is
given by
B := dAA = dA+ [A,A].
Lemma 3.1 Let β ∈ aut(P )∗ and U ∈ aut(P ), and fix a principal connection A on P .
Then we have for u = [U ] and ω = A(U):(
HorA
)∗
£Uβ = £u
(
HorA
)∗
β +
(
HorA
)∗
(J ◦ β ·dω +£HorA u(J ◦ β ·A))
J ◦£Uβ = £HorA u(J ◦ β) + ad
∗
ω(J ◦ β).
See Appendix A.1 for a proof. Applying this Lemma, we obtain the following result.
Proposition 3.2 (EPAut equations on principal bundles) The Euler-Poincare´ equa-
tions on the automorphism group of a principal bundle, relative to a Lagrangian l :
aut(P )→ R and a principal connection A, are given by
(17)

∂
∂t
δlA
δu
+£u
δlA
δu
+
(
HorA
)∗(δlA
δω
·dω +£HorA u
(
δlA
δω
·A
))
= 0
∂
∂t
δlA
δω
+£HorA u
δlA
δω
+ ad∗ω
δlA
δω
= 0.
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3.3 Formulation in terms of the adjoint bundle
We now rewrite the EPAut-equations (17) by identifying FO(P, o) with the space Γ(AdP )
of sections of the adjoint bundle
AdP := (P × o)/O →M.
Recall that the quotient is taken relative to the diagonal action of O on P × o given by
(p, ξ) 7→ (Φg(p),Adg−1 ξ). We will denote by [p, ξ]O an element of the adjoint bundle.
There is a Lie algebra isomorphism
(18) ω ∈ FO(P, o) 7→ ω˜ ∈ Γ(AdP )
defined by
ω˜(x) := [p, ω(p)]O,
where p ∈ P is such that π(p) = x. This isomorphism extends to k-forms as follows. Let
Ωk(P, o) :=
{
α ∈ Ωk(P, o) | Φ∗gα = Adg−1 α and iξPα = 0, for all g ∈ G and ξ ∈ o
}
be the space of O–equivariant horizontal k–forms on P , and let Ωk(M,AdP ) be the space
of AdP -valued k-forms on M . Then we have the isomorphism
α ∈ Ωk(P, o) 7→ α˜ ∈ Ωk(M,AdP ), α˜(x)(u1x, ..., u
k
x) :=
[
p, α(p)
(
U1p , ..., U
k
p
)]
O
,
where U ip ∈ TpP is such that Tpπ(U
i
p) = u
i
x, i = 1, ..., k. An example of O–equivariant
horizontal 2-form is provided by the curvature B = dA + [A,A] to which is associated
the reduced curvature form B˜ ∈ Ω2(M,AdP ).
Given a principal connection A on P , we get a linear connection ∇A on the adjoint
bundle. For ω ∈ FO(P, o), the relation between the covariant exterior derivative d
A and
the connection ∇A is
d˜Aω = ∇Aω˜.
This formula extends the operator ∇A to Ωk(M,AdP ). We shall use the covariant Lie
derivative defined by
£Au = iu∇
A +∇Aiu
on Ad(P )-valued differential forms, and related to the ordinary Lie derivative by the
formula
˜£HorA uα = £
A
u α˜.
By combining the isomorphism (14) with (18), we identify aut(P ) with X(M) ×
Γ(AdP ). In this case, we have the following analogue of Lemma 3.1.
Lemma 3.3 Let β ∈ aut(P )∗ and U ∈ aut(P ), and fix a principal connection A on P .
Then we have for u = [U ] and ω˜ = A˜(U):(
HorA
)∗
£Uβ = £u
(
HorA
)∗
β + J˜ ◦ β ·
(
∇Aω˜ + iuB˜
)
˜J ◦£Uβ = £
A
u J˜ ◦ β + ad
∗
ω˜ J˜ ◦ β,
where £A is the covariant Lie derivative acting on Ad∗ P -valued densities, that is, for
µ = σ ⊗ α, where α is a density and σ a section of Ad∗ P →M , we have
£Av µ = £
A
v (σ ⊗ α) = ∇
A
v σ ⊗ α + σ div(v)⊗ α.
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This is used below to obtain the expression of the EPAut equation in terms of the variables
u and ω˜.
Theorem 3.4 (Alternative formulation of the EPAut equations) The Euler-Poincare´
equations (17) on the automorphism group of a principal bundle can be alternatively writ-
ten as
(19)

∂
∂t
δlA
δu
+£u
δlA
δu
+
δlA
δω˜
·
(
∇Aω˜ + iuB˜
)
= 0
∂
∂t
δlA
δω˜
+£Au
δlA
δω˜
+ ad∗ω˜
δlA
δω˜
= 0.
As in the trivial bundle case, it is convenient to fix a Riemannian metric g on M in order
to write the equations more explicitly. Defining v and ζ by the equalities
δlA
δu
=: v♭ ⊗ µM ∈ Ω
1(M)⊗ Den(M)
δlA
δω˜
=: ζ ⊗ µM ∈ Γ(Ad
∗ P )⊗ Den(M)
and using the formula
£Au (ζ ⊗ µM) = ∇
A
u ζ ⊗ µM + ζ(divu)⊗ µM ,
the EPAut equations (19) can be rewritten as ∂tv +∇uv +∇uT · v + v divu+
(
ζ ·
(
∇Aω˜ + iuB˜
))♯
= 0
∂tζ +∇
A
u ζ + ζ divu+ ad
∗
ω˜ ζ = 0,
which reduce to an Euler-Poincare´ equation on the diffeomorphism group (Holm, Marsden, and Ratiu
[1998]) in the case when A = 0 and ζ = 0.
Remark 3.5 (Trivial bundles and curvature representation) When the principal
bundle is trivial, we recover the equation (1). Indeed, we can identify ω ∈ FO(P, o) with
ν +A·u ∈ F(M, o). Here A denotes the one-form on M induced by the connection A on
P : we have A(vx, ξg) = Adg−1 (A(vx) + ξgg
−1) and also
lA(u, ν + A·u) = l(u, ν).
Thus, δlA/δω can be identified with δl/δν and δlA/δu is identified with δl/δu− δl/δν·A.
Similarly, the Lie derivative £HorA uδl
A/δω can be identified with £uδl/δω − ad
∗
A·u δl/δν.
We shall denote by B = dA + [A,A] the two-form on M induced by the curvature B.
Then, the EPAut equations (1) written in terms of the Lagrangian lA = lA(u, ω) read
(20)

∂
∂t
δlA
δu
+£u
δlA
δu
+
δlA
δω
·(dω + [A, ω] + iuB) = 0
∂
∂t
δlA
δω
+£u
δlA
δω
+ ad∗ω−A·u
δlA
δω
= 0,
where the curvature two formB onM satisfies the relation iuB = [A·u, A]−d(A·u)+£uA.
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3.4 Kaluza-Klein Lagrangians
Let g be a Riemannian metric on M and γ an Ad-invariant scalar product on o. These
data, together with the principal connection A, define a Kaluza-Klein metric on the
principal O-bundle π : P → M :
(21) κp(Up, Vp) = gπ(p) (Tpπ(Up), Tpπ(Vp)) + γ(Ap(Up),Ap(Vp)), Up, Vp ∈ TpP.
The associated L2 Kaluza-Klein Lagrangian is obtained by integration over M and reads
l(U) =
∫
M
g([U ], [U ])µM +
∫
M
γ(A(U),A(U))µM .
Note that the last term is well defined, since the integrand is an O–invariant function on
P . More generally, we can consider Kaluza-Klein Lagrangians of the form
(22) l(U) =
1
2
‖[U ]‖21 +
1
2
‖A(U)‖22,
relative to inner product norms ‖ ‖1 and ‖ ‖2 on X(M) and FO(P, o). As before, the norm
‖ ‖2 is usually given with the help of and Ad-invariant inner product γ on o, that makes
possible to integrate the expression over the base manifoldM . See Gay-Balmaz and Ratiu
[2008] for an application of the L2 Kaluza-Klein Lagrangian to Yang-Mills fluids. In the
trivial case, (22) reduces to (3) and this emphasizes the role of the vector potential A in
CH2 and MCH2 dynamics.
We now compute explicitly the EPAut equations for the Kaluza-Klein Lagrangian
(22). We assume that the norms are associated to symmetric and positive definite differ-
ential operators Q1 and Q2 on TM and AdP , respectively. In this case, the Lagrangian
lA : X(M)× Γ(AdP )→ R reads
lA(u, ω˜) =
∫
M
g(Q1u,u)µM +
∫
M
γ¯(Q2ω˜, ω˜)µM ,
where γ¯ is the vector bundle metric induced on AdP by γ. We thus obtain the EPAut
equations
(23)
 ∂tv +∇uv +∇uT · v + v divu+ ζ ·
(
∇Aω˜ + iuB˜
)♯
= 0
∂tζ +∇
A
u ζ + ζ divu+ ad
∗
ω˜ ζ = 0,
where
v = Q1u ∈ X(M) and ζ = γ¯(Q2ω˜, ·) ∈ Γ(Ad
∗ P ),
which evidently extend MCH2 dynamics to the case of a Yang-Mills fluid flow on a non-
trivial principal O-bundle with fixed connection A.
3.5 Kelvin-Noether circulation theorem
Let U be a solution of the EPAut equation (16) and let ρ be a density variable on M
satisfying the equation ∂tρ+£uρ = 0, where u := [U ]. Then we have
d
dt
∮
γt
1
ρ
δl
δU
= 0,
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where γt is a loop in the total space P of the principal bundle which moves with the
velocity U , see §7 in Gay-Balmaz and Ratiu [2008]. Given a connection A on P , we can
decompose the functional derivative as
δl
δU
= π∗
δlA
δu
+
δlA
δω
·A,
and the circulation reads
(24)
d
dt
[∮
ct
1
ρ
δlA
δu
+
∮
γt
1
ρ
δlA
δω
·A
]
= 0,
where ct := π ◦ γt is the closed curve in M induced by γt. Note that the second integral
takes into account the internal structure of the bundle, since γt is a curve in P .
In the trivial bundle case the time dependent curve reads γt = (ct, gt) = (ηt ◦ c0, (χt ◦
c0)g0), and a direct computation shows that formula (24) yields
(25)
d
dt
[∮
ct
1
ρ
δl
δu
+
∮
γt
1
ρ
δl
δν
· κl
]
= 0,
where κl(ξg) = ξgg
−1 is the left Maurer-Cartan form on O. Note that 1
ρ
δl
δν
·κl is interpreted
as a one-form on P = M ×O, integrated along the curve γt ∈M ×O. In a more explicit
notation, the above Kelvin-Noether theorem can be written as
(26)
d
dt
[∮
ct
1
ρ
δl
δu
+
∮
γt
1
ρ
δl
δν
· dgg−1
]
= 0.
where γt = (ct, gt) is a loop in the trivial bundle M ×O.
3.6 Momentum maps and singular solutions
3.6.1 Preliminaries on the Kaluza-Klein configuration space
Recall that in order to explain the geometric properties of the singular solutions in the
case of a trivial bundle, we introduced the Kaluza-Klein configuration manifold (8). We
now describe the corresponding object in the case of an arbitrary principal bundle. Let
S ⊂ M be a submanifold of M and consider two principal O-bundles P → P/O = M
and PS → PS/O = S. We say that the map Q : PS → P is equivariant if Q◦Φg = Φg ◦Q,
for all g ∈ O, where Φg denotes the O-action on PS or P . Such a Q defines a unique
map Q : S → M verifying the condition π ◦ Q = Q ◦ π. We now define the object that
generalizes the configuration space QKK (8).
Definition 3.6 The Kaluza-Klein configuration space is defined as the following subset
of equivariant maps from PS to P :
QKK = {Q : PS → P | Q ◦ Φg = Φg ◦ Q and Q ∈ Emb(S,M)}.
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Thus, QKK consists of equivariant mappings that projects onto embeddings. Another
characterization of the Kaluza-Klein configuration space is given in the following (see
Appendix A.2 for a proof of this result)
Lemma 3.7 The Kaluza-Klein configuration space coincides with the set
QKK = EmbO(PS, P )
of all equivariant embeddings of PS into P .
The tangent space TQQKK consists of equivariant vector fields VQ along Q, that is
VQ(ps) ∈ TQ(ps)P, for all ps ∈ PS, and VQ ◦ Φg = TΦg ◦ VQ.
Assume that the submanifold S is endowed with a volume form dks. The cotangent space
T ∗QQKK can be identified with the space of equivariant one-forms PQ : PS → T
∗P along
Q. Therefore, the contraction PQ ·VQ defines a function on S which can be integrated
over S. We thus obtain the paring
(27) 〈PQ,VQ〉 =
∫
S
(PQ ·VQ) d
ks.
The groups Aut(P ) and Aut(PS) act naturally on QKK by left and right composition,
respectively. Note that when P and PS are trivial bundles, we recover the left and right
actions given in (9) and (12). As before, we denote by
JL : T
∗QKK → aut(P )
∗ and JR : T
∗QKK → aut(PS)
∗
the momentum maps associated to the cotangent lift of these actions. We compute below
these momentum maps by introducing principal connections.
Given an equivariant map f ∈ FO(PS, o) and Q ∈ Emb(PS, P ), we define the vertical
vector field σQ(f) ∈ TQQKK by
σQ(f)(ps) := (f(ps))P (Q(ps)).
Given a vector field VQ ∈ TQ Emb(S,M), a connection A on P , and Q ∈ QKK projecting
to Q, we define the horizontal-lift HorAQ(VQ) ∈ TQQKK of VQ along Q by
HorAQ(VQ)(ps) := Hor
A
Q(ps)(VQ(s)).
This defines a connection dependent isomorphism
FO(PS, o)× TQ Emb(S,M)→ TQQKK , (f, VQ) 7→ σQ(f) + Hor
A
Q(VQ),
with inverse given by
TQQKK → FO(PS, o)× TQ Emb(S,M), VQ 7→ (A ◦ VQ, [VQ]) =: (f
A, VQ),
where [VQ] ∈ TQ Emb(S,M) is defined by the condition
[VQ] ◦ π = Tπ ◦ VQ.
18
It will be useful to identify the space FO(PS, o) of equivariant functions with the space
Γ(AdPS) of all sections of the adjoint vector bundle. Since S is endowed with a volume
form dks, the cotangent bundle T ∗QQKK can be naturally identified with the space
FO(PS, o)
∗ × T ∗Q Emb(S,M),
where FO(PS, o)
∗ := FO(PS, o
∗) and T ∗Q Emb(S,M) is defined as in the preceding section.
The isomorphism is
FO(PS, o)
∗ × T ∗Q Emb(S,M)→ T
∗
QQKK , (ζ, αQ) 7→ ζ ·A+ T
∗π ·αQ
with inverse
T ∗QQKK → FO(PS, o)
∗ × T ∗Q Emb(S,M), PQ 7→
(
J ◦ PQ,
(
HorAQ
)∗
PQ
)
=:
(
ζ,PAQ
)
,
where J : T ∗P → o∗ is defined by 〈J(αp), ξ〉 = 〈αp, ξP (p)〉. Note that using these isomor-
phisms, the natural pairing (27) reads
(28)
∫
S
(
ζ ·fA +PAQ ·VQ
)
dks.
3.6.2 Left-action momentum map and singular solutions
The momentum map JL associated to the cotangent lifted left action ofAut(P ) on T
∗QKK
takes values in aut(P )∗ ≃ X(M)∗×FO(P, o)
∗, where FO(P, o)
∗ = FO(P, o
∗)⊗Den(M). It
will be more convenient to identify FO(PS, o) with the space Γ(AdPS) of sections of the
adjoint bundle AdPS → M . In the same way, we will identify FO(PS, o)
∗ = FO(PS, o
∗)
with the space Γ(AdPS)
∗ = Γ(Ad∗ PS), and we denote by ζ¯ the section associated to
ζ ∈ FO(PS, o)
∗. An embedding Q in QKK induces naturally a map Q˜ : Ad
∗ PS → Ad
∗ P
covering Q.
Proposition 3.8 (Left-action momentum map) With the previous notations, the mo-
mentum map associated to the cotangent lifted left action of the automorphism group
Aut(P ) on T ∗QKK reads
JL (PQ) =
(∫
S
PAQ(s)δ(x−Q(s))d
ks,
∫
S
Q˜(ζ¯(s))δ(x−Q(s))dks
)
∈ X(M)∗ × Γ(AdP )∗.
Proof. Using the formula for the momentum map associated to a cotangent lifted action
and formula (28), we have
〈JL (PQ) , U〉 =
∫
S
PQ(ps)·U(Q(ps))d
ks =
∫
S
(
ζ(ps)·A(U(Q(ps))) +P
A
Q(s)·[U ◦ Q](s)
)
dks
=
∫
S
(
ζ¯(s)·A ◦ U ◦ Q(s) +PAQ(s)·([U ] ◦Q(s))
)
dks
=
∫
S
(
Q˜(ζ¯(s))·A ◦ U(Q(s)) +PAQ(s)·[U ](Q(s))
)
dks.
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Note that in the first line, the expression PQ(ps)·U(Q(ps)) only depends on s and not on
ps, by equivariance. Thus it makes sense to integrate it on S. From the last equality we
obtain the desired expression.
As in the trivial case, for a certain class of Hamiltonians h : aut(P )→ R we can define
the collective Hamiltonian H := h ◦ JL : T
∗QKK → R. Since JL : T
∗QKK → aut(P )
∗
is a Poisson map, a solution of Hamilton’s equations for H on T ∗QKK gives a (possibly
measure-valued) solution of the EPAut equation associated to the Hamiltonian h. The
trivial bundle case is treated in Appendix A.3.
3.6.3 Right-action momentum map and Noether’s Theorem
We now compute the momentum map JR associated to the right action of Aut(PS) on
T ∗QKK . The Lie algebra is denoted by aut(PS) and consists of equivariant vector fields
on PS. The infinitesimal generator associated to U ∈ aut(PS) is dQ ◦ U . Thus, the
momentum map is simply given by
JR(PQ) = PQ ·dQ ∈ aut(PS)
∗.
In the following proposition we give a more concrete expression for JR, by fixing principal
connections AS and A on PS and P , respectively.
Proposition 3.9 (Right-action momentum map) The momentum map associated
to the cotangent lifted right action of the automorphism group of PS on T
∗QKK reads
(29) JR
(
Q,PAQ, ζ
)
=
(
PAQ ·dQ+ ζ · (Q
∗A−AS) , ζ
)
∈ X(S)∗ ×FO(PS, o)
∗,
where PAQ =
(
HorAQ
)∗
PQ and ζ := J ◦ PQ.
Proof. Using the connection dependent isomorphisms
U ∈ aut(PS) ≃ X(S)× FO(PS, o) ∋ ([U ],AS(U))
and
P ∈ T ∗QQKK ≃ FO(PS, o)
∗ × T ∗Q Emb(S,M) ∋ (ζ,P
A),
we find 〈
JR(Q,P
A
Q, ζ), ([U ],AS(U))
〉
= 〈JR(Q,P), U〉 = 〈P,dQ ◦ U〉
=
〈
PAQ, [dQ ◦ U ]〉 + 〈ζ,A(dQ ◦ U)
〉
=
〈
PAQ,dQ ◦ [U ]
〉
+
〈
ζ,A(dQ ◦ HorAS [U ] + dQ ◦ (AS(U))PS)
〉
=
〈
PAQ,dQ ◦ [U ]
〉
+
〈
ζ,A(dQ ◦ HorAS [U ])
〉
+ 〈ζ,A ((AS(U))P ◦ Q)〉
=
〈
PAQ ·dQ+ ζ ·(A ◦ dQ ◦ Hor
AS), [U ]
〉
+ 〈ζ,AS(U)〉 ,(30)
where 〈 , 〉 denotes the L2 pairing. Now we observe that
A ◦ dQ ◦ HorAS [U ] = A ◦ dQ ◦ U −A ◦ dQ ◦ (AS(U))P
= A ◦ dQ ◦ U −A ◦ (AS(U) ◦ Q)P = (Q
∗A−AS) (U)
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as required.
The left momentum map JL is invariant under the cotangent lift of composition on the
right by elements in Aut(PS). Thus, the collective Hamiltonian H := h ◦ JL is also right
invariant and by Noether’s theorem, we have
d
dt
Pt ·dQt = 0,
where Pt ∈ T
∗
QtQKK is a solution of Hamilton’s equations. This can be written as
(31)
d
dt
P∗tΘP = 0,
where ΘP is the canonical one-form on T
∗P and Pt is interpreted as a map Pt : S → T
∗M
covering Qt. Introducing principal connections A and AS on P and PS we have the
conservation laws
d
dt
(
PAQ ·dQ+ ζ · (Q
∗A−AS)
)
= 0 and
d
dt
ζ = 0,
where we recall that PAQ =
(
HorAQ
)∗
PQ and ζ := J ◦ PQ. The resulting dual pair is
illustrated in the following diagram
T ∗EmbO(PS, P )
JL JR
aut(P )∗ aut(PS)
∗
 
 
 
 ✠
❅
❅
❅
❅❘
Note that in the particular case S = M and PS = P , we have EmbO(P, P ) = Aut(P ),
since equivariant embeddings of PS = P into P are automorphisms. In this case, JL is
the usual Lagrange-to-Euler map, and JR is the conserved momentum density.
The trivial bundle case is treated in Appendix A.3, where it is shown that the right
momentum map has the expression
JR
(
Q,PAQ, κθ
)
=
(
PQ ·dQ+ κθ ·(dθ − θAS) , θ
−1κθ
)
,
which recovers (13) when AS is the trivial connection.
Remark 3.10 (Physical interpretation of the connection AS) When O = S
1, the
quantity AS may be interpreted as a magnetic potential that is localized on the subbundle
PS, where the whole motion takes place. For example, if we think of a trivial subbundle
PS = S ×O where dimS = 2, then the charged particles moving on S produce a current
sheet carrying a magnetic field BS = dAS normal to the sheet. This suggestive picture
is consistent with the concept that the singular solutions possess their own dynamics,
independently of the properties of the ambient space. Moreover, we recall that the first
component of JR yields the Clebsch representation of a fluid variable in aut(PS)
∗. In this
case, the connection one-form AS on S appears naturally in the Clebsch representation,
due to the principal bundle structure of the embedded subspace PS = S ×O.
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4 Incompressible EPAut flows
At this point of the paper, a natural question concerns the restriction of the above geodesic
flows on the Aut(P ) group to the volume-preserving case. This question is motivated by
the fact that such construction yields a two-component Euler system in which an incom-
pressible fluid flow transports a Yang-Mills charge, under the influence of an external mag-
netic potential. This picture generalizes Arnold’s well known construction of Euler’s equa-
tion as a geodesic on Diffvol(M) to the formulation of a geodesic fluid flow on Autvol(P ).
In the case of a trivial bundle P = M × O, one has Autvol(P ) ≃ Diffvol(M)sF(M,O)
and the incompressible EPAut equation (EPAutvol) is then a geodesic equation on a
semidirect-product Lie group. In this setting, natural questions arise about how the geo-
metric properties of ideal fluid flows transfer to this more general situation. For example,
the system can be written in terms of the vorticity ω = curlu and one can ask how the
dual pair construction of Marsden and Weinstein [1983] applies to this case.
4.1 The group of volume preserving automorphisms
Let π : P → M be a right principal O-bundle and suppose that M is orientable, endowed
with a Riemannian metric g. Let µM be the volume form induced by g.
The group Autvol(P ) consists, by definition, of the automorphisms of the principal
bundle P which descend to volume preserving diffeomorphisms of the base manifold M
with respect to the volume form µM . In other words, given an automorphism ϕ ∈ Aut(P ),
we have by definition
ϕ ∈ Autvol(P )⇔ ϕ¯ ∈ Diffvol(M),
where Diffvol(M) is the group of volume preserving diffeomorphisms ofM . Its Lie algebra,
denoted by autvol(P ) consists of equivariant vector fields U such that their projection is
divergence free, that is, for U ∈ aut(P ) we have
U ∈ autvol(P ) ⇔ [U ] ∈ Xvol(M).
Hence, given a principal connection A on P , the Lie algebra autvol(P ) decomposes under
the isomorphism (14) as
(32) autvol(P )→ Xvol(M)×FO(P, o), U 7→ ([U ],A(U)).
An inner product γ on o being also given, one defines the Kaluza-Klein Riemannian
metric on P as
κ(Up, Vp) = g(Tπ(Up), Tπ(Vp)) + γ(A(Up),A(Vp)), Up, Vp ∈ TpP.
The induced volume form µP on P is
µP := π
∗µM ∧A
∗detγ,
where A∗ detγ denotes the pullback by the connection A : TP → o of the canonical
determinant form induced by γ on o, that is detγ ∈ ∧
ko∗, k = dim o, defined by
detγ(ξ1, ..., ξk) :=
√
det(γ(ξi, ξj)).
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where ξ1, . . . , ξk ∈ o is a positively oriented basis.
We now suppose that γ is Ad-invariant. In this case the Kaluza-Klein metric κ and the
volume form µP are O-invariant. More general O-invariant metrics on P are considered
in Molitor [2009].
Lemma 4.1 Let ϕ ∈ Aut(P ) be a principal bundle automorphism. Then we have the
equivalence
ϕ ∈ Autvol(P )⇔ ϕ
∗µP = µP .
Proof. The pull-back Aϕ := ϕ
∗A of a principal connection A by an automorphism ϕ of
P is a principal connection. Therefore, the O-invariant form A∗ϕ detγ −A
∗ detγ ∈Ω
k(P )
is horizontal, so it is the pull-back π∗α for some α ∈ Ωk(M). Denoting by ϕ¯ the diffeo-
morphism of M induced by ϕ, we compute
ϕ∗µP = ϕ
∗(π∗µM ∧A
∗detγ) = ϕ
∗π∗µM ∧A
∗
ϕdetγ
= π∗ϕ¯∗µM ∧ (A
∗detγ + π
∗α) = π∗ϕ¯∗µM ∧ A
∗detγ .
With this formula, it is clear that any ϕ ∈ Autvol(P ) preserves the volume form µP .
Conversely, if ϕ preserves µP , then we have
π∗ϕ¯∗µM ∧ A
∗detγ = π
∗µM ∧A
∗detγ.
Plugging in the horizontal lifts of n = dimM arbitrary vector fields u1, . . . ,un, we obtain
π∗((ϕ¯∗µM − µM)(u1, . . . ,un))A
∗detγ = 0,
hence ϕ¯∗µM = µM .
As a consequence, the Lie algebra autvol(P ) coincides with the Lie algebra of equiv-
ariant divergence free vector fields with respect to the volume form µP induced by the
Kaluza-Klein metric on P .
We will also need the following result.
Lemma 4.2 Assume that O is compact and consider an O-invariant function f on P
with compact support. Then we have the formula
(33)
∫
P
f(p)µP = Vol(O)
∫
M
f˜(m)µM ,
where Vol(O) denotes the Riemannian volume of O relative to the bi-invariant metric
induced by γ, and f˜ is the function induced on M by the formula f˜ ◦ π = f .
Proof. It is enough to check the formula for a trivial bundle P = M×O. In this case the
connection 1-form is defined with a 1-form A ∈ Ω1(M, o) by A(vx, ξg) = Adg−1(A(vx) +
κl(ξg)), where κ
l(ξg) = ξgg
−1 ∈ Ω1(O, o) denotes the left Maurer-Cartan form on the
Lie group O. Note that µO := (κ
l)∗detγ ∈ Ω
k(O) is the volume form induced by the
bi-invariant Riemannian metric on O associated to γ. Let π2 : M × O → O denote
the projection on the second factor. Taking into account the O-invariance of the inner
product γ we obtain
µP = π
∗µM ∧A
∗detγ = π
∗µM ∧ π
∗
2
(
(κl)∗detγ
)
= π∗µM ∧ π
∗
2µO.
Now, formula (33) follows for every compactly supported smooth function f˜ on M .
23
4.2 Dynamics on a trivial principal bundle
If the principal bundle is trivial, then we have the group isomorphism Autvol(P ) ≃
Diffvol(M)sF(M,O). We now give the expression of the Euler-Poincare´ equations
on Autvol(P ) in the case of a trivial bundle. Since a volume form µM has been fixed,
it is not necessary to include densities in the dual Lie algebras. The regular dual to
Xvol(M)sF(M, o) is identified with (Ω
1(M)/dF(M)) × F(M, o∗) via the L2-pairing
given by the volume form µM . Here Ω
1(M)/dF(M) denotes the space of one-forms mod-
ulo exact one-forms. As in Proposition 2.1, but this time considering a Lagrangian l on
the semidirect product Xvol(M)sF(M, o), we get the following
Proposition 4.3 (The EPAutvol equations on a trivial principal bundle) The Eu-
ler-Poincare´ equations on the group of volume preserving automorphisms of a trivial prin-
cipal bundle are written as
(34)

∂
∂t
δl
δu
+£u
δl
δu
+
δl
δν
·dν = −dp, div(u) = 0
∂
∂t
δl
δν
+ d
δl
δν
·u+ ad∗ν
δl
δν
= 0,
where £u denotes the Lie-derivative of a one-form (and not a one-form density), and the
pressure function p is determined by the incompressibility condition.
Here, the first equation is written on Ω1(M) and not on the quotient space Ω1(M)/dF(M).
As in the compressible case, one can use Kaluza-Klein Lagrangians of the form (3), rel-
ative to differential operators Q1 : X(M) → X(M) and Q2 : F(M, o) → F(M, o
∗), that
is,
(35) l(u, ν) =
1
2
∫
M
g(u, Q1u)µM +
1
2
∫
M
〈A · u+ ν,Q2(A · u+ ν)〉µM ,
where g is the given Riemannian metric on M and µM is the Riemannian volume.
Other duality pairings. Since a Riemannian metric g is given, we can alternatively use
the L2-paring induced by g. In this case, we can choose the dual space Xvol(M)×F(M, o
∗)
and the EPAut equations read
(36)

∂
∂t
δl
δu
+∇u
δl
δu
+∇uT ·
δl
δu
+
(
δl
δν
· dν
)♯
= − grad p, div(u) = 0
∂
∂t
δl
δν
+ d
δl
δν
·u+ ad∗ν
δl
δν
= 0,
where ∇ denotes the Levi-Civita connection, ♯ is the sharp-operator associated to the
Riemannian metric and grad p := (dp)♯.
Alternatively, if H1(M) = {0}, one can also identify the dual space to Xvol(M) with
exact two-forms dΩ1(M), through the duality pairing
(37) 〈ω,u〉 =
∫
M
(α · u)µM , where dα = ω.
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In this case, we get the first equation in vorticity representation as
(38)

∂
∂t
δl
δu
+£u
δl
δu
+ d
δl
δν
∧ dν = 0
∂
∂t
δl
δν
+ d
δl
δν
·u+ ad∗ν
δl
δν
= 0,
where the wedge product involves a contraction between o and o∗-valued forms. It is
important to recall that the functional derivatives appearing above depend on the chosen
pairing. For example, in (38) and with the Lagrangian (35) we have
ω :=
δl
δu
= d
(
(Q1u)
♭ + σ · A
)
∈ dΩ1(M), σ :=
δl
δν
= Q2(A · u+ ν) ∈ F(M, o
∗).
An interesting special case of the above equations comes out when M is the Euclidean
space R3. In this case, the exact two-form ω = dα can be identified with the divergence
free vector field ω = curlα, via the relations ω = (⋆ω)♯ and α = α♯, where ⋆ denotes
the Hodge star operator associated to the Euclidean metric. Using this identification, the
EPAut equations (38) can be written as
(39)

∂ω
∂t
+ (u · ∇)ω − (ω · ∇)u+ curl 〈µ ,∇ν〉 = 0
∂σ
∂t
+ (u · ∇) σ + ad∗ν σ = 0.
The first equation can be obtained from (38) by using the equalities
(⋆(£uω))
♯ = (⋆d(iuω))
♯ =
(
⋆d(ω × u)♭
)♯
= curl(ω × u) = (u · ∇)ω − (ω · ∇)u.
In this case, the duality pairing is given by
〈ω,u〉 =
∫
R3
(v · u)dx, where curlv = ω.
For example, taking the Kaluza-Klein Lagrangian (35), the corresponding EPAut equa-
tions are obtained by inserting the functional derivatives
ω =
δl
δu
= curl(Q1u) + curl (µ ·A) and σ =
δl
δν
= Q2(A · u+ ν)
into (39). The two dimensional case is presented in Appendix B.1.
Remark 4.4 The above equations generalize an important regularization model in fluid
dynamics, which is known under the name of Euler-α (Holm, Marsden, and Ratiu [1998]).
This model is derived by specializing the above equations to the particular case when
Q1 = 1 − α
2∆ and ν ≡ 0, the latter condition being preserved by the flow. Thus, the
complete system of the EPAutvol equations generalizes the Euler-α equation to the case
of a Yang-Mills charged fluid moving under the influence of an external magnetic field.
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4.3 Dynamics on a non trivial principal bundle
By (32) the regular dual of autvol(P ) can be identified with the cartesian product (Ω
1(M)/dF(M))×
Γ(Ad∗ P ), via the L2 pairing
〈([β], ζ), (u, ω˜)〉 =
∫
M
(β(u) + ζ · ω˜)µM .
Given a Lagrangian l : autvol(P ) → R and a principal connection A, the associated
EPAutvol equations are given in the following
Proposition 4.5 (The general EPAutvol equations on principal bundles) The Eu-
ler-Poincare´ equations on the group of volume preserving automorphisms of a principal
bundle are written as
(40)

∂
∂t
δlA
δu
+£u
δlA
δu
+
δlA
δω˜
·
(
∇Aω˜ + iuB˜
)
= −dp, divu = 0
∂
∂t
δlA
δω˜
+∇Au
δlA
δω˜
+ ad∗ω˜
δlA
δω˜
= 0,
where £u denotes the Lie derivative acting one one-forms and the pressure p is determined
by the incompressibility condition.
Proof. The equations can be obtained as in §3.2 by splitting the general formulation
∂
∂t
δl
δU
+£U
δl
δU
= 0,
and using the connection dependent isomorphism. Then we deduce (40) from (19) by
simply adding the incompressibility condition and using the fixed Riemannian volume µM
to identify one-form densities with one-forms, and sections in Γ(Ad∗ P )⊗ Den(M) with
sections in Γ(Ad∗ P ). Then one obtains the second equation since £Au and ∇
A
u coincide
when applied to functions.
Alternatively, it is instructive to derive the equations directly by using the expression
of the infinitesimal coadjoint action ad∗ on (Ω1(M)/dF(M))× Γ(Ad∗ P ). In order to do
this, we first need the expression of the Lie bracket on Xvol(M) × Γ(AdP ). Under the
isomorphism (14), the Lie bracket is
(41)
[
(u, ω˜), (v, θ˜)
]
L
=
(
[u,v]L, [ω˜, θ˜] +∇
A
v ω˜ −∇
A
u θ˜ + B˜(u,v)
)
,
where B˜ ∈ Ω2(M,AdP ) is the reduced curvature. Then it suffices to compute the asso-
ciated infinitesimal coadjoint action. This is done in the following lemma.
Lemma 4.6 The infinitesimal coadjoint action of autvol(P ) on its regular dual, using the
decomposition provided by a principal connection A, can be written as
(42) ad∗(u,ω˜)([β], α) =
(
[£uβ + α · (∇
Aω˜ + iuB˜)], ad
∗
ω˜ α +∇
A
uα
)
,
for (u, ω˜) ∈ Xvol(M)× Γ(AdP ) and ([β], α) ∈ (Ω
1(M)/dF(M))× Γ(Ad∗ P ).
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Proof. Using the expression (41) of the bracket on autvol(P ) under the decomposition
(32), we compute
〈ad∗(u,ω˜)([β], α), (v, θ˜)〉 = 〈[β], [u,v]L〉+
〈
α, [ω˜, θ˜] +∇Av ω˜ −∇
A
u θ˜ + B˜(u,v)
〉
=−
∫
M
β([u,v])µM +
∫
M
α · (adω˜ θ˜)µM +
∫
M
(
α · ∇Av ω˜
)
µM
−
∫
M
α ·
(
∇Au θ˜
)
µM +
∫
M
(
α · iuB˜
)
(v)µM
=
∫
M
£uβ(v)µM +
〈
α ·
(
∇Aω˜ + iuB˜
)
,v
〉
+
∫
M
(
ad∗ω˜ α +∇
A
uα
)
· θ˜µM
=
〈(
[£uβ + α · (∇
Aω˜ + iuB˜)], ad
∗
ω˜ α +∇
A
uα
)
, (v, θ˜)
〉
,
where we use that divu = 0.
Remark 4.7 (Kaluza-Klein Lagrangians) As in the compressible case, an important
class of Lagrangians is provided by the Kaluza-Klein expression (22), thus obtaining
the incompressible version of (23). In the case of the L2 Kaluza-Klein Lagrangian, the
EPAutvol equation takes the simple form ∂tu+∇uu+ γ¯
(
ω˜, iuB˜
)♯
= − grad p, divu = 0
∂tω˜ +∇
A
u ω˜ = 0.
These equations describe the motion of an ideal fluid moving in an external Yang-Mills
field B, where ω˜ denotes the magnetic charge (Vizman [2008]). For the more general
case with generic metrics Q1 and Q2, the EPAutvol equation generalizes the Euler-α
model (Holm, Marsden, and Ratiu [1998]) to the case of a Yang-Mills charged fluid, whose
configuration manifold is a non-trivial principal bundle. Again, the fluid moves under the
influence of an external Yang-Mills magnetic field, which is given by the curvature B˜ as
usual.
5 Clebsch variables and momentum maps
This section presents the dual pair of momentum maps underlying EPAutvol flows. This
extends the dual pair structure underlying ideal incompressible fluid flows, as it was
shown by Marsden and Weinstein [1983]. The next section reviews briefly the Marsden-
Weinstein dual pair, whose details are given in Appendix B.2.
5.1 The Marsden-Weinstein dual pair
In the paper Marsden and Weinstein [1983], the authors present a pair of momentum
maps that apply to Euler’s equation ∂tω + curl(ω × u) = 0 for the fluid vorticity ω =
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curlu. In particular, these momentum maps provide the Clebsch representation of the
fluid vorticity curlu on the configuration manifold S in terms of canonical variables taking
values in a symplectic manifold M . Again, one constructs the dual pair of momentum
maps
Emb(S,M)
JL JR
F(M)∗ Xvol(S)
∗
 
 
 
 ✠
❅
❅
❅
❅❘
whose right leg provides the Clebsch representation of the vorticity on S. A rigorous
construction of these momentum maps and the proof of the dual pair property were
given in Gay-Balmaz and Vizman [2011].
In particular, S is a compact manifold with volume form µS while (M,ω) is an
exact (and hence noncompact) symplectic manifold, with ω = −dθ. The Marsden-
Weinstein dual pair (Marsden and Weinstein [1983]) is associated to the action of the
groups Diffvol(S) and Diffham(M) on Emb(S,M) by composition on the right and on
the left, respectively. Here Diffham(M) is the group of Hamiltonian diffeomorphisms of
(M,ω). The momentum map associated to the right action reads
(43) JR(f) = [f
∗θ] ∈ Ω1(S)/dF(S) ,
or
JR(Q,P ) = [(Q,P )
∗ΘR3 ] = [P · dQ] = curl
(
∇QT · P
)
.
when M = R2k and S = R3. (Here we have used the duality pairing arguments in §4.2
to identify an exact two form ω with a divergence-free vector field). Notice that the
corresponding variables also appear in the left leg
(44) JL(f) =
∫
S
δ(n− f(x))µS ∈ F(M)
∗,
or, in local coordinates,
JL(Q,P ) =
∫
S
δ(q −Q(s))δ(p− P (s))µS ∈ F(R
2k)∗.
This is due to the fact that Clebsch variables are conjugate variables taking values in
M . However, in their work Gay-Balmaz and Vizman [2011] proved that the dual pair
structure requires replacing the group Diffham(M) by a central extension of the type
Diffham(M)×B R, where B is a group two cocycle. This central extension of Diffham(M)
first appeared in Ismagilov, Losik, and Michor [2006], who showed how this is isomorphic
to the quantomorphism group Quant(T ∗M × S1), well known in quantization problems.
Also, if the symplectic form on S is not exact, then one needs in addition the Ismagilov
extension of the group of volume preserving diffeomorphisms of S. In what follows we
consider only exact symplectic manifolds, so there will be no central extension needed for
the right leg of the dual pair.
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The purpose of this section is to present the O-equivariant variant of the Marsden-
Weinstein dual pair, which is the dual pair of momentum maps that apply to the EPAutvol
equation.
5.2 Clebsch variables for incompressible EPAut flows
After the preceding review of the momentum maps underlying the Clebsch representation
of Euler’s fluid vorticity, we are now ready to generalize that construction to our principal
bundle setting. In particular, we shall characterize the momentum maps underlying the
Clebsch representation of the EPAutvol system.
We recall from the Clebsch representation of Euler’s vorticity that Clebsch variables
belong to a space of embeddings S →֒ M , where S is the fluid particle configuration
manifold and M is a symplectic manifold. For simplicity, this section will introduce the
fundamental concepts in the simple case when S = R3, so that the fluid moves in the
ordinary physical space. In the case of EPAutvol, the equations describe the evolution of
a Yang-Mills charged fluid under the influence of an external magnetic field. Thus, it is
natural to identify M with the usual Yang-Mills phase space T ∗P¯ , where P¯ is a principal
O-bundle.
As a further simplification, this section will describe the case of a trivial bundle
P¯ = Rk × O with O ⊆ GL(n,R) being a matrix Lie group. Thus, we are led to the
following definition on Clebsch variables:
(Q,P , σ, θ) ∈ Emb(R3,R2k × o∗)× F(R3,O),
where Emb(R3,R2k × o∗)×F(R3,O) is naturally endowed with the Poisson structure:
(45) {F,G}(Q,P , σ, θ) =
∫
1
w
(
δF
δQ
·
δG
δP
−
δG
δQ
·
δF
δP
)
d3x
+
∫
1
w
(〈
σ,
[
δF
δσ
,
δG
δσ
]〉
+
〈
δF
δθ
,
δG
δσ
θ
〉
−
〈
δG
δθ
,
δF
δσ
θ
〉)
d3x,
where w(x) d3x is a fixed volume form on R3, and the angle bracket 〈·, ·〉 denotes the
trace pairing 〈A,B〉 = Tr
(
ATB
)
. At this point, one observes that
Theorem 5.1 The infinitesimal action of volume-preserving automorphisms (u, ζ) ∈
autvol(R
3 ×O) ≃ Xvol(R
3)sF(R3, o)
(46) (u, ζ)Emb(R3,R2k×o∗)×F(R3,O) (Q,P , σ, θ) =
(
(u·∇)Q, (u·∇)P , (u·∇)σ, (u·∇)θ+θζ
)
yields the right-action momentum map
JR (Q,P , σ, θ) =
(
curl
(
∇QT · P +
〈
σ,∇θ θ−1
〉)
, Ad∗θ σ
)
∈ Xvol(R
3)×F(R3, o)∗ .
See Appendix B.3 for the proof. Notice that the above result will follow very easily in
the more abstract setting of the next sections.
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Besides the above right-action momentum map JR, one also has the momentum map
JL arising from the left infinitesimal action of the Hamiltonian functions h ∈ F(R
2k ×
T ∗O), similarly to the left leg of the Marsden Weinstein dual pair for ideal fluid. However,
there is an important special situation that arises in the physics of Yang-Mills charged
particles. Indeed, the celebrated Wong’s equations for the motion of a single Yang-
Mills charge are produced by Hamiltonians in the space F(R2k × T ∗O)O of O-invariant
functions on R2k×T ∗O. In this context, the trivialization map T ∗O ≃ O×o∗ induces (by
Lie-Poisson reduction) the Poisson structure on the space R2k × T ∗O/O ≃ R2k × o∗ (cf.
e.g. Montgomery, Marsden and Ratiu [1984]). Therefore, it is reasonable to consider a
left-action momentum map arising from the infinitesimal action of the Poisson subalgebra
F(R2k × T ∗O)O = F(R2k × o∗) ⊂ F(R2k × T ∗O) .
Indeed, one verifies that the infinitesimal action of h¯(q,p, ζ) ∈ F(R2k × o∗)(
h¯
)
F(R3,R2k×T ∗O)
(Q,P , σ, θ) =
(
∂h¯
∂p
,−
∂h¯
∂q
,− ad∗∂h¯
∂ζ
ζ,
∂h¯
∂ζ
θ
)∣∣∣∣∣
(q,p,ζ)=(Q,P ,σ)
produces the left-action momentum map
JL(Q,P , σ, θ) =
∫
w(x) δ(q −Q(x)) δ(p−P (x)) δ(σ − σ(x)) d3x ∈ F(R2k × o∗)∗
In this case, the proof is straightforward and will be omitted.
Remark 5.2 (Relations to kinetic theory and ideal fluids) In analogy with the struc-
tures arising from Euler’s equation in two dimensions, the above expression is well known
in kinetic theory, particularly the kinetic theory of Yang-Mills plasmas of interest in
stellar astrophysics. Indeed, the above expression coincides with the well known Klimon-
tovich particle solution of the Yang-Mills Vlasov equation for distributions on the reduced
Yang-Mills phase space R2k × o∗ (Gibbons, Holm, and Kupershmidt [1983]). However,
the fortunate coincidence holding for ordinary Euler’s equation in two dimensions does
not hold for EPAutvol, that is the left momentum map does not provide point vortex
solutions of the 2D EPAutvol system. Indeed, the latter does not have the form of a
single Vlasov kinetic equation as it happens for 2D Euler.
The next section characterizes the group actions underlying the above momentum
maps in the more general setting when the physical space R3 is replaced by a volume
manifold S and the trivial Yang-Mills phase space T ∗Rk × T ∗O is replaced by a generic
(non trivial) O-bundle carrying an exact invariant symplectic form.
5.3 Group actions and dual pair
We now present a dual pair of momentum maps in the context of the EPAutvol equation,
that consistently generalizes the Marsden-Weinstein dual pair. As we shall see, in the
principal bundle context the groups Diffvol(S) and Diffham(M) ×B R are naturally re-
placed by the automorphism groups Autvol(PS) and Autham(P )×B R of two O-principal
bundles PS and P , respectively. For the left momentum map, we will exhibit a subgroup
Autham(P ) ×B R ⊂ Autham(P ) ×B R that is more appropriate and whose Lie algebra
identifies with the space F(P/O) endowed with the reduced Poisson bracket.
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5.3.1 Geometric setting
Let π : PS → S be the principal O-bundle of our EPAutvol equation, and consider another
principal O-bundle P → M such that P carries an exact symplectic form ω = −dθ.
Moreover, we assume that θ is O-invariant. As above, we endow PS with the O-invariant
volume form µPS = π
∗µS ∧ A
∗ detγ, where γ is an Ad-invariant inner product on o and
A a principal connection on PS.
Consider the manifold
EmbO(PS, P )
of O-equivariant embeddings, see Appendix A.2. The tangent space Tf EmbO(PS, P ) can
be identified with the space of equivariant maps uf : PS → TP such that π ◦ uf = f . We
endow the manifold EmbO(PS, P ) with the symplectic form ω¯ as above, that is
ω¯(f)(uf , vf) :=
∫
PS
ω(f(p))(uf(p), vf(p))µPS .
The function under the integral is O-invariant, so the right hand side is an integral over
S. Now the local triviality of the bundle PS → S ensures the non-degeneracy of ω¯.
Thanks to Lemma 4.1, the group Autvol(PS) acts symplectically on EmbO(PS, P ) by
composition on the right. Similarly, the group of Hamiltonian automorphisms, defined
by
Autham(P ) := Aut(P ) ∩Diffham(P )
acts symplectically on the left by composition. If the structure group O of the principal
bundles is the trivial group with one element, we recover the actions associated to the
Marsden-Weinstein dual pair.
5.3.2 The right momentum map
The momentum map associated to the right action is
(47) JR(f) = [f
∗θ] ∈ Ω1O(PS)/dFO(PS) = autvol(PS)
∗
The dual to autvol(PS) is identified here with O-invariant 1-forms quotiented by exact
O-invariant 1-forms which are differentials of O-invariant functions.
One can write this identification in detail, using a principal connection A. Since a
volume form is fixed, aut(PS)
∗ can be identified with Ω1O(PS). As in (15), the dual to the
isomorphism aut(PS)→ X(S)×FO(PS, o) reads
(48) Ω1O(PS)→ Ω
1(S)×FO(PS, o
∗), α 7→
(
α¯ = (HorA)∗α, λ = J ◦ α
)
,
where HorA denotes the horizontal-lift associated to the principal connection A and
J : T ∗PS → o
∗ is the cotangent bundle momentum map. The inverse to the isomorphism
(48) is
(α¯, λ) 7→ π∗α¯ +A∗λ.
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Now the isomorphism autvol(PS) → Xvol(S) × FO(PS, o), see (32), ensures the desired
identification
autvol(PS)
∗ = Xvol(S)
∗ × FO(PS, o
∗) = (Ω1(S)/dF(S))× FO(PS, o
∗)
= (Ω1(S)×FO(PS, o
∗))/(dF(S)× {0}) = Ω1O(PS)/dFO(PS).
As we shall see later, for trivial bundles one recovers the conclusions in theorem 5.1.
5.3.3 The left momentum map
In order to properly define the momentum map associated to the action by composition
on the left, there are two difficulties to overcome. First, as above, we need to pass to the
central extension of Autham(P ) by the cocycle defined in Ismagilov, Losik, and Michor
[2006]. This is possible since Autham(P ) is a subgroup of Diffham(P ) on which the cocycle
B can be defined as in (65). Second, we note that the Lie algebra of the Hamiltonian
automorphisms is given by
autham(P ) = aut(P ) ∩ Xham(P ),
that is, it consists of Hamiltonian vector fields that are O-equivariant. Such vector fields
are not necessarily associated to O-invariant Hamiltonian functions on P . The latter
form the Lie subalgebra
autham(P ) :=
{
Xh | h ∈ F(P )
O
}
⊂ autham(P ) ,
since the Lie algebra bracket is [Xh, Xk]L = X{h,k} and the Poisson bracket of two O-
invariant functions is O-invariant, the symplectic form being O-invariant.
The subgroup associated to this Lie subalgebra is determined in the following theorem
(see Appendix B.4 for the proof).
Theorem 5.3 Let (P,−dθ) be a connected exact symplectic manifold with θ ∈ Ω1O(P ).
Let Hom(O,R) be the vector space of group homomorphisms from O to R and consider
the map
Ψ : Autham(P )→ Hom(O,R),
defined by
Ψ(ϕ)(g) := Fϕ − Fϕ ◦ Φg , ∀ g ∈ G ,
where Fϕ ∈ F(P ) is such that dFϕ = ϕ
∗θ − θ. Then Ψ is well-defined and is a group
homomorphism.
Consider the normal subgroup Autham(P ) ⊂ Autham(P ) defined by
Autham(P ) := ker Ψ.
Then the formal Lie algebra of Autham(P ) is the space autham(P ) of Hamiltonian vector
fields on P associated to O-invariant Hamiltonians.
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Remark 5.4 (Special Hamiltonian automorphisms) The elements of the Lie group
Autham(P ) will be called special Hamiltonian automorphisms of the principal bundle P .
This group is of central importance in common gauge theories: for example, they govern
Wong’s equations for the dynamics of a Yang-Mills charge moving in the physical space.
(Just like Hamiltonian diffeomorphisms govern canonical Hamilton’s equations).
Consider now the central extension Autham(P ) ×B R. The Lie algebra isomorphism
(66) shows that the associated central extended Lie algebra can be identified with the
Lie algebra F(P )O of O-invariant functions on P , endowed with the symplectic Poisson
bracket {f, g}P = ω(Xf , Xg) on P . Equivalently, it is also identified with the Lie algebra
F(M) of functions on M with the reduced Poisson bracket { , }M on M . Equivariant
functions on P are constant on the fibers, so there is an isomorphism
(49) h ∈ F(P )O → h¯ ∈ F(M)
with inverse h¯ 7→ h = h¯ ◦ π. We recall here that the reduced Poisson bracket { , }M on
the quotient M = P/O is uniquely determined by the formula
{f, g}M ◦ π = {f ◦ π, g ◦ π}P ,
for all f, g ∈ F(M), see §10.5 in Marsden and Ratiu [1999].
Remark 5.5 (The Vlasov chromomorphism group) The elements of the central ex-
tension Autham(P )×B R will be called Vlasov chromomorphisms and this group will be
denoted by V Chrom(P ). The name is clearly inspired by the fact that this Lie group is the
configuration space underling the collisionless Vlasov kinetic theory of interacting Yang-
Mills charges moving in the physical space. As explained in Gibbons, Holm, and Kupershmidt
[1983], the fluid closure of the Yang-Mills-Vlasov equation yields the equations of chromo-
hydrodynamics for Yang-Mills plasmas, thereby providing one more reason for the name
‘chromomorphisms’.
We now consider the action of the group V Chrom(P ) on EmbO(PS, P ) by composition
on the left. One easily checks that the associated momentum map is
(50)
JL : EmbO(PS, P )→ F(M)
∗ = (F(P )O)∗,
〈
JL(f), h¯
〉
= 〈JL(f), h〉 =
∫
PS
h(f(p))µPS .
Since the function p 7→ h(f(p)) on PS is O-invariant, it defines a function on S, and we
have in fact an integral over S. By abuse of notation, we can write
JL(f) =
∫
S
δ(n− f(p))µS ∈ F(M)
∗.
We thus obtain the dual pair
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EmbO(PS, P )
JL JR
F(P/O)∗ autvol(PS)
∗
 
 
 
 ✠
❅
❅
❅
❅❘
Despite the fact that the left leg seems to be the same as the left leg of the Marsden-
Weinstein dual pair, there is a key difference here, since here M = P/O is not symplectic
but Poisson, and the Lie bracket on F(M) is given by the reduced Poisson bracket { , }M .
The results obtained so far are summarized in the following
Theorem 5.6 (Dual pair for EPAutvol flows) Let π : PS → S be a principal O-
bundle and consider another principal O-bundle P → M such that P carries an exact
symplectic form ω = −dθ, where θ is O-invariant.
Then the group Autvol(PS) acts symplectically on the right on the symplectic manifold
(EmbO(PS, P ), ω¯) and admits the momentum map
JR : EmbO(PS, P )→ autvol(PS)
∗, JR(f) = [f
∗θ].
There is a subgroup Autham(P ) ⊂ Autham(P ) of special Hamiltonian automorphisms,
whose Lie algebra consists of Hamiltonian vector fields associated to O-invariant Hamil-
tonian functions on (P, ω). The Lie algebra of V Chrom(P ) is isomorphic to the space of
functions on M endowed with the reduced Poisson bracket on M = P/O.
The Vlasov chromomorphism group V Chrom(P ) acts symplectically on the left on the
symplectic manifold (EmbO(PS, P ), ω¯) and admits the momentum map
JL : EmbO(PS, P )→ F(M)
∗, JL(f) =
∫
S
δ(n− f(p))µS.
Remark 5.7 (Equivariance, Clebsch variable, and Noether theorem) The equiv-
ariance and invariance properties of the momentum maps still hold as in the Marsden-
Weinstein dual pair, see Remark B.1. Therefore, we have the same Clebsch variables and
Noether theorem interpretations. The Lie-Poisson system on F(M)∗ is a Vlasov system
whose Poisson bracket is not symplectic but is the reduced Poisson bracket onM = P/O.
When P = T ∗P¯ and the principal bundle P¯ is trivial, this system is related to Yang-Mills
Vlasov equation. This particular case will be considered in the following section.
5.4 The Yang-Mills phase space
We now consider the special case when the total space P of the principal bundle P →M
is the cotangent bundle of another principal bundle P¯ → M¯ . We endow P = T ∗P¯
with the canonical symplectic form ΩP¯ = −dΘP¯ and we let O act on P by cotangent
lift. Thus we have P = T ∗P¯ and M = T ∗P¯ /O. This particular choice is motivated by
§5.2, particularly by the dynamics of Yang-Mills-Vlasov kinetic theories, as mentioned
in remark 5.2. If moreover P¯ is trivial, that is P¯ = M¯ × O, then P = T ∗P¯ is also a
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trivial principal O-bundle over M = T ∗P¯ /O = T ∗M¯ × o∗, since we have the equivariant
diffeomorphism
(51) ρ : T ∗M¯ × T ∗O →
(
T ∗M¯ × o∗
)
×O, ρ(αq, αg) =
(
(αq, αgg
−1), g
)
.
In this case, the dual pair diagram reads
EmbO(PS, T
∗M¯ × T ∗O)
JL JR
F(T ∗M¯ × o∗)∗ autvol(PS)
∗.
 
 
 
 ✠
❅
❅
❅
❅❘
The Lie bracket on F(T ∗M¯ × o∗) is the reduced Poisson bracket given here by
{f, g}M = {f, g}T ∗M¯ + {f, g}+,
where the first term denotes the canonical Poisson bracket on T ∗M¯ and the second term
is the Lie-Poisson bracket on o∗. In what follows, it will be easy (although not necessary)
to assume that PS is trivial, i.e. PS = S ×O and autvol(PS)
∗ ≃ Xvol(S)
∗ ×F(S,O).
5.4.1 The group of special Hamiltonian automorphisms
Note that, since the principal bundle is trivial, we can write the automorphism group of
T ∗M¯ × T ∗O → T ∗M¯ × o∗ as a semidirect product
(52) Aut(T ∗M¯ × T ∗O) = Diff(T ∗M¯ × o∗)sF(T ∗M¯ × o∗,O).
From the general theory above, the group we need is the central extension
V Chrom(T ∗M¯ × T ∗O) = Autham(T
∗M¯ × T ∗O)×B R.
In order to describe more concretely this group, we start with the special caseAutham(T
∗O).
We will use the following expressions for the canonical one-form ΘO and the Hamiltonian
vector field Xh, in the right trivialization T
∗O → O × o∗, βg 7→ (g, α), α = βgg
−1:
(53) (ΘO)(g,α)(ξg, ν) =
〈
α, ξgg
−1
〉
, Xh(g, α) =
(
δh
δα
g,− ad∗δh
δα
α
)
,
see Abraham and Marsden [1978]. Note also that a O-equivariant diffeomorphism ϕ of
T ∗O, expressed in the right trivialization O × o∗, is of the form
(54) ϕ(g, α) = (ϕˆ(α)g, ϕ¯(α)),
where ϕ¯ is a diffeomorphism of o∗ and ϕˆ : o∗ → O a smooth map.
Proposition 5.8 In the right trivialization, the group Autham(T
∗O) of equivariant Hamil-
tonian automorphisms ϕ with the property that the O-invariant 1-form ϕ∗ΘO − ΘO on
O × o∗ is the differential of an O-invariant function can be expressed as
Autham(T
∗O) =
{
ϕ ∈ Aut(T ∗O) | ϕ¯(α) = Ad∗ϕˆ(α)−1 α and
〈
ido∗ , ϕˆ
−1dϕˆ
〉
∈ dF(o∗)
}
,
where 〈ido∗ , ϕˆ
−1dϕˆ〉 denotes the 1-form 〈α, ϕˆ(α)−1dαϕˆ( )〉.
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Proof. We know that the Hamiltonian diffeomorphisms ϕ of an exact symplectic mani-
fold with symplectic form −dΘO are characterized by the condition that ϕ
∗ΘO − ΘO is
an exact 1-form. Using the first equality in (53) and (54), we compute
(ϕ∗ΘO)(g,α)(ξg, ν) = (ΘO)ϕ(g,α)
(
T(g,α)ϕ(ξg, ν)
)
= (ΘO)(ϕˆ(α)g,ϕ¯(α)) (ϕˆ(α)ξg + (Tαϕˆ · ν)g, Tαϕ¯ · ν)
=
〈
ϕ¯(α), ϕˆ(α)ξgg
−1ϕˆ(α)−1 + (Tαϕˆ · ν) ϕˆ(α)
−1
〉
=
〈
Ad∗ϕˆ(α) ϕ¯(α), ξgg
−1
〉
+
〈
ϕ¯(α), ((dϕˆ)ϕˆ−1)α · ν
〉
so that
(55) (ϕ∗ΘO −ΘO)(g,α)(ξg, ν) =
〈
Ad∗ϕˆ(α) ϕ¯(α)− α, ξgg
−1
〉
+
〈
ϕ¯(α), ((dϕˆ)ϕˆ−1)α · ν
〉
.
Note also that an exact 1-form on O × o∗ reads〈
∂h
∂g
g−1, ξgg
−1
〉
+
〈
δh
δα
, ν
〉
,
where h is a function on O × o∗. So, the automorphism ϕ is Hamiltonian if and only if
there exists a function h(g, α) such that
(56) Ad∗ϕˆ(α) ϕ¯(α)− α =
∂h
∂g
(g, α) and
〈
ϕ¯(α),dαϕˆ( )ϕˆ(α)
−1
〉
=
δh
δα
(g, α).
In the right trivialization, an invariant function on T ∗O is of the form h(g, α) = h¯(α)
with h¯ ∈ F(o∗). So, from the first equality in (56), we get the conditions Ad∗ϕˆ(α) ϕ¯(α) = α
and the second equality in (56) thus reads 〈α, ϕˆ(α)−1dαϕˆ( )〉 =
δh¯
δα
.
Remark 5.9 (The Lie algebra of the special Hamiltonian automorphism group)
Similarly with (54), an equivariant vector field U ∈ aut(T ∗O) reads U(g, α) = (Uˆ(α)g, U¯(α)),
where Uˆ : o∗ → o and U¯ : o∗ → o∗. Using Proposition 5.8, we obtain that the formal Lie
algebra of Autham(T
∗O) is
autham(T
∗O) =
{
U ∈ aut(T ∗O) | U¯(α) = − ad∗
Uˆ(α)
α and 〈ido∗ ,dUˆ〉 ∈ dF(o
∗)
}
=
{
(U¯ , Uˆ) =
(
− ad δh¯
δα
,
δh¯
δα
) ∣∣∣∣ h¯ ∈ F(o∗)}
=
{
Xh ∈ autham(T
∗O) | h ∈ F(T ∗O), h(g, α) = h¯(α)
}
,
where at the second equality, we used that fact that the 1-form 〈ido∗ ,dUˆ〉 is exact if
and only if there exists h¯ ∈ F(o∗) such that Uˆ = δh¯
δα
; in the last equality we used the
second expression in (53). So, consistently with Theorem 5.3, the Lie algebra autham(T
∗O)
consists of Hamiltonian vector fields associated to O-invariant Hamiltonians on T ∗O (i.e.
functions on o∗), hence the Lie algebra of Autham(T
∗O)×B R can be identified with the
Poisson algebra of smooth functions on o∗.
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Remark 5.10 (Generating functions of special Hamiltonian automorphisms) Notice
that the function S ∈ F(o∗) such that
dS(α) =
〈
ido∗ , ϕˆ
−1dϕˆ
〉
(α) =
〈
α, ϕˆ−1(α)dϕˆ(α)
〉
is a generating function for special Hamiltonian automorphisms Autham(T
∗O), analo-
gously to what happens for canonical transformations Diffham(T
∗M¯).
Remark 5.11 (The chromomorphism group) In the special case considered above,
i.e. when P = T ∗O, the central extension Autham(T
∗O)×B R will be called chromomor-
phism group and will be denoted by Chrom(T ∗O).
In the case of a non-trivial manifold M¯ , there is an expression similar to that of Proposi-
tion 5.8 for the subgroup Autham(T
∗M¯ × T ∗O) of the automorphism group (52), namely
Autham(T
∗M¯ × T ∗O) =
{
ϕ = (ϕ¯, ϕˆ) ∈ Diff(T ∗M¯ × o∗)× F(T ∗M¯ × o∗,O) | ϕ¯2 = Ad
∗
ϕˆ−1 ,〈
ido∗ , ϕˆ
−1dϕˆ
〉
+ ϕ¯∗1ΘM¯ − p
∗
1ΘM¯ ∈ dF(T
∗M¯ × o∗)
}
,(57)
where p1 is the projection of T
∗M¯ × o∗ onto its first component, and where we split the
diffeomorphism ϕ¯ into its two components ϕ¯1 ∈ F(T
∗M¯ × o∗, T ∗M¯) and ϕ¯2 ∈ F(T
∗M¯ ×
o∗, o∗). The verification is left to the reader.
Let h ∈ F(T ∗M¯ × T ∗O)O and let h¯ ∈ F(T ∗M¯ × o∗) induced via h(βq, αg) =
h¯(βq, αgg
−1) for all g ∈ O, as in (49). From (53), the Hamiltonian vector field Xh
on T ∗M¯ ×T ∗O, pushed forward to (T ∗M¯ × o∗)×O by the right trivialization (51), reads
(ρ∗Xh) (βq, α, g) =
((
Xh¯α(βq),− ad
∗
δh¯βq
δα
α
)
,
δh¯βq
δα
g
)
.
Here h¯α denotes the function on T
∗M¯ obtained from h¯ by fixing an element α ∈ o∗.
Similarly, h¯βq is the function on o
∗ obtained by fixing βq ∈ T
∗M¯ .
One can see that the Lie algebra autham(T
∗M¯ × T ∗O) of all these Hamiltonian vec-
tor fields with O-invariant Hamiltonian function h is indeed the formal Lie algebra of
Autham(T
∗M¯ × T ∗O). The second condition in (57), differentiated at (ϕ¯, ϕˆ) in direction
(U¯ , Uˆ), tells us that
〈
ido∗ ,dUˆ
〉
+ £U¯ΘM¯ is an exact 1-form on T
∗M¯ × T ∗O, which is
equivalent to Uˆ + iU¯ΩM¯ = dh¯ for some h¯ ∈ F(T
∗M¯ × T ∗O). This means that U¯ = Xh¯α
and Uˆ =
δh¯βq
δα
.
Remark 5.12 (The cocycle for Vlasov chromomorphisms) In the special case P =
T ∗M¯ × T ∗O, there is a more concrete expression of the cocycle (65) when restricted to
Autham(P ), namely
B((ϕ¯, a), (ψ¯, b)) =
∫ ψ¯(β0,σ0)
(β0,σ0)
dS,
where (β0, σ0) ∈ T
∗M¯ × o∗ and we have introduced the generating function S, such that
dS =
〈
ido∗ , ϕˆ
−1dϕˆ
〉
+ ϕ¯∗1ΘM¯ − p
∗
1ΘM¯ .
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5.4.2 Momentum maps
We now give the expression of these momentum maps in the case where both principal
bundles are trivial, that is,
PS = S ×O and P¯ = M¯ ×O.
In this case, an equivariant embedding in EmbO(PS, T
∗P¯ ) = EmbO(S ×O, T
∗M¯ × T ∗O)
is necessarily of the form
(58) f : S ×O → T ∗M¯ × T ∗O, f(x, g) = (PQ(x), κθ(x)g) ,
where PQ : S → T
∗M¯ , κθ : S → T
∗O with PQ(x) ∈ T
∗
Q(x)M¯ and κθ(x) ∈ T
∗
θ(x)O. We
endow the manifold S ×O with the volume form µPS := µS ∧ µO, where µO is the Haar
measure on the compact group O, that is,
∫
O
µO = 1 and µO is O-invariant, so that
µPS is O-invariant too. Remark that choosing the trivial connection A(vx, ξg) = g
−1ξg
on PS = S × O and the fact that γ is Ad-invariant, we see that µPS := µS ∧ µO and
µPS = π
∗µS ∧ A
∗ detγ coincide, since the constant factor Vol(O) from lemma 4.2 is 1.
Right momentum map. In order to compute explicitly the momentum map associ-
ated to the action of Autvol(PS) we shall make use of the isomorphism (48). Since the
principal bundle PS = S×O is trivial, a principal connection 1-form A is determined by
a 1-form A ∈ Ω1(S, o) through
A(vx, ξg) = Adg−1
(
A(vx) + ξgg
−1
)
.
The space FO(PS, o
∗) can be identified with F(S, o∗) via the relation
λ(x, g) = Ad∗g(λ¯(x)), λ ∈ FO(PS, o
∗), λ¯ ∈ F(S, o∗).
Finally, the horizontal lift of the vector vx ∈ TxS is (vx,−A(vx)g) ∈ T(x,g)PS. Using these
observations, the isomorphism (48) reads
(59) Ω1O(PS)→ Ω
1(S)× F(S, o∗), α 7→ (α¯, λ¯),
where α¯(x)(vx) = α(x, e)(vx,−A(vx)) and λ¯(x) · ξ = α(x, e)(0x, ξ). This clearly induces
an isomorphism
autvol(PS)
∗ = Ω1O(PS)/dFO(PS)→
(
Ω1(S)/dF(S)
)
×F(S, o∗).
Note that, since the bundle is trivial, we can always choose the trivial connection A = 0.
Proposition 5.13 Suppose that PS and P¯ are trivial bundles. Then the momentum map
associated to the right action of Autvol(PS) on EmbO(PS, T
∗P¯ ) has the expression
JR(f) =
([
PQ
∗ΘM¯ + κ
∗
θΘO − θ
−1κθ · A
]
, θ−1κθ
)
∈
(
Ω1(S)/dF(S)
)
× F(S, o∗),
where the embedding f is written as
f(x, g) = (PQ(x), κθ(x)g),
and ΘM¯ ,ΘO are the canonical one-forms on T
∗M¯ , T ∗O.
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Proof. We fix a connection A and use the isomorphism (59). Given β ∈ T ∗O, we
denote by ℓβ : O → T
∗O the orbit map defined by ℓβ(g) = βg. Knowing that f(x, g) =
(PQ(x), κθ(x)g), the first component α¯ of α = f
∗ΘP¯ computes
α¯(vx) = (f
∗ΘP¯ )(vx,−A(vx))
= PQ
∗ΘM¯(vx) + κ
∗
θΘO(vx)−ΘO(Tℓκθ(x)(A(vx)).
Using the definition of the canonical 1-form ΘO and the identity (Tπ ◦ Tℓβ)(ξ) = π(β)ξ
for all ξ ∈ o, the last term becomes
ΘO(Tℓκθ(x)(A(vx)) = κθ(x) · (Tπ ◦ Tℓκθ(x))(A(vx)) = κθ(x) · θ(x)(A(vx))
= θ(x)−1κθ(x) · A(vx),
so α¯ = PQ
∗ΘM¯ + κ
∗
θΘO − θ
−1κθ ·A ∈ Ω
1(S).
The second component of α = f ∗ΘP¯ is λ¯ = θ
−1κθ ∈ F(S, o
∗) because for all x ∈ S
and ξ ∈ o
λ¯(x) · ξ = (f ∗ΘP¯ )(0x, ξ) = ΘO(Tℓκθ(x)(ξ)) = κθ(x) · (Tπ ◦ Tℓκθ(x))(ξ)
= κθ(x) · θ(x)ξ = θ(x)
−1κθ(x) · ξ.
This shows that
JR(f) =
([
PQ
∗ΘM¯ + κ
∗
θΘO − θ
−1κθ ·A
]
, θ−1κθ
)
∈
(
Ω1(S)/dF(S)
)
×F(S, o∗)
is the momentum map associated to the right action.
Remark 5.14 (Trivialized expression) For comparison with the formula obtained in
Proposition 5.1, it is useful to identify the manifold EmbO(PS, T
∗P¯ ) with the product
Emb(S, T ∗M¯ × o∗)× F(S,O). This is possible thanks to Lemma 3.7. More precisely, to
the equivariant embedding f : S ×O → T ∗M¯ × T ∗O,
f(x, g) = (PQ(x), κθ(x)g) , PQ : S → T
∗M¯, κθ : S → T
∗O,
we associate the pair ((PQ, µ), θ) ∈ Emb(S, T
∗M¯ × o∗)×F(S,O), where
µ(x) = κθ(x)θ(x)
−1 ∈ o∗.
In order to obtain the momentum map of Proposition 5.13 in terms of the variables (µ, θ),
we introduce the right trivialization R : O × o∗ → T ∗O, R(θ, µ) = µθ and we compute
the expression R∗ΘO. For (g, α) ∈ O × o
∗ and (ξg, ν) ∈ T
∗
gO × o
∗, we have
(R∗ΘO)(g,α)(ξg, ν) = (ΘO)αg (Tgℓα(ξg) + Vν(αg))
= αg · Tαgπ(Tgℓα(ξg)) = αg · ξg = α · ξgg
−1,
where Vν is the vertical vector field on T
∗O defined by Vν(αg) =
d
dt
∣∣
t=0
((α+ tν)g). Then
for (θ, σ) : S → O× ◦∗, we have
(θ, σ)∗(R∗ΘO)(vx) = (R
∗ΘO)(θ(x),µ(x)) (dθ,dµ) = µ(x) · (dθ)θ
−1(x).
Therefore, the right momentum map from proposition 5.13 becomes
JR(PQ, σ, θ) =
([
PQ
∗ΘM¯ + (θ, µ)
∗R∗ΘO − θ
−1κθ · A
]
, θ−1κθ
)
=
([
PQ
∗ΘM¯ + µ · (dθ)θ
−1 −Ad∗θ µ ·A
]
,Ad∗θ µ
)
.
For A = 0 and S = R3, we recover the expression of JR from proposition 5.1.
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Left momentum map. From the general formula (50) above, we have
JL : EmbO(S ×O, T
∗M¯ × T ∗O)→ F(T ∗M¯ × T ∗O)O = F(T ∗M¯ × o∗)
and
〈JL(f), h〉 =
∫
S×O
h(f(x, g))µS ∧ µO =
∫
S×O
h(PQ(x), κθ(x)g)µS ∧ µO
=
∫
S
h¯
(
PQ(x), κθ(x)θ(x)
−1
)
µS.
Hence, we can write the formula
JL(f) =
∫
S
δ(αq −PQ(x))δ
(
µ− κθ(x)θ(x)
−1
)
µS ∈ F(T
∗M¯ × o∗)∗.
As we have discussed, the above momentum map is not a solution of the EPAutvol
equation. However this expression is of primary importance in the kinetic theory of
Yang-Mills Vlasov plasmas, since this is nothing else than the single particle solution
of the Vlasov equation, which is the base for the theory of Yang-Mills charged fluids.
Indeed, in Gibbons, Holm, and Kupershmidt [1983] it is shown that the Vlasov equation
itself is directly constructed starting from the above momentum map.
6 Conclusions
After presenting the EPAut equations in the case of a trivial principal O−bundle P =
M × O, the paper introduced the associated left and right momentum maps which ex-
tend the well known dual pair structure for geodesic flows on the diffeomorphism group
Holm and Marsden [2004]. Thus, as a first result, the paper incorporated the momentum
maps found in Holm and Tronci [2008] in a unifying dual pair diagram, whose right leg
provides the Clebsch representation of the EPAut system, while the left leg provides the
singular δ−like solutions.
In the third section, the paper extended the previous construction to consider the
case of a non-trivial principal O−bundle P . For this more general case, the EPAut
equations were written also in terms of the adjoint bundle AdP = (P×o)/O, by using the
identification between O−equivariant maps FO(P, o) and the space Γ(AdP ) of sections
of the adjoint bundle. In this setting, the momentum maps were defined on the space of
O−equivariant embeddings EmbO(PS, P ) of the sub-bundle PS in the ambient bundle P .
This is a crucial point because it showed for the first time how the right action momentum
map (Clebsch representation) necessarily involves the connection on PS. When specialized
to the case of a trivial bundle, the EPAut dual pair showed how the singular solutions
may support their own magnetic field, for example in the case of current sheets. This is
a very suggestive picture that arises from the principal bundle structure of the embedded
subspace.
The fourth section considered the case of an incompressible fluid flow. In this frame-
work, one considers the group of volume-preserving automorphisms Autvol(P ), that is
bundle automorphisms that project down to diffeomorphisms Diffvol(M) on the base
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M = P/O, which preserve a fixed volume form. Again, the equations were presented
in both cases of a trivial and non-trivial principal bundle. This geometric construction
was compared with a similar formulation that also applies to Euler’s vorticity equation,
in the context of Marsden and Weinstein [1983]. Left- and right-action momentum maps
were presented also for this case, along with explicit formulas. These formulas require
a deep geometric construction that involves Lie group extensions. For example, the left
leg momentum map required the definition of the chromomorphism group, a Yang-Mills
version of the quantomorphism group from quantization theory. Indeed, new definitions
of infinite-dimensional Lie groups arose naturally in this context: the special Hamiltonian
automorphisms and two variants of the chromomorphism group.
A Appendices on EPAut flows
A.1 Proof of Lemma 3.1
We will use the formula
[U, V ]L = σ
(
[A(U),A(V )] + dA(A(U))V − dA(A(V ))U + B(U, V )
)
+ hor([U, V ]L),(60)
where [ , ]L denotes the (left) Lie algebra bracket and B is the curvature of the connection.
We refer to Lemma 5.2 in Gay-Balmaz and Ratiu [2008] for a proof of this formula.
Denoting by 〈 , 〉 the L2-pairing, for an arbitrary v ∈ X(M), we have〈(
HorA
)∗
£Uβ,v
〉
=
〈
β, [U,HorA v]L
〉
=
〈
β, hor([U,HorA v]L) + σ(dω ·Hor
A v + B(HorA u,HorA v))
〉
=
〈
β,HorA([u,v]L)
〉
+
〈
J ◦ β,dω ·HorA v +A([HorA u,HorA v]L)
〉
=
〈
£u
(
HorA
)∗
β,v)〉+ 〈
(
HorA
)∗
(J ◦ β ·dω) ,v
〉
+
〈(
HorA
)∗
£HorA u(J ◦ β ·A),v
〉
,
thus proving the first formula.
For an arbitrary θ ∈ FO(P, o), we have
〈J ◦£Uβ, θ〉 = 〈£Uβ, σ(θ)〉 = 〈β, [U, σ(θ)]L〉 = 〈β, σ([ω, θ]− d
Aθ · U)〉
= −〈J ◦ β,dθ · U〉 = −〈J ◦ β,dθ·HorA u− [ω, θ]〉
= 〈£HorA u(J ◦ β) + ad
∗
ω(J ◦ β), θ〉
This proves the second formula. 
A.2 Proof of Lemma 3.7
Recall from §3.6 that the momentum maps of the EPAut-equation are defined on the
cotangent bundle of the Kaluza-Klein configuration space
QKK = {Q : PS → P | Q ◦ Φg = Φg ◦ Q and Q ∈ Emb(S,M)},
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where Q : S →M is defined by the condition π ◦Q = Q ◦π. Note that QKK is a natural
generalization of the space Emb(S,M) associated to the EPDiff equations. Another
natural generalization would be the space EmbO(PS, P ) of equivariant embeddings Q :
PS → P . We now show that these spaces coincide, that is
QKK = EmbO(PS, P ).
(1) We first prove the inclusion EmbO(PS, P ) ⊂ QKK . Given Q ∈ EmbO(PS, P )
we consider the induced map Q : S → M . Since Q is smooth, Q is also smooth and
it remains to show that Q is an embedding. Equivalently, we will show that Q is an
injective immersion and a closed map. To prove that it is injective, choose s1, s2 ∈ S such
that Q(s1) = Q(s2). Let p1 and p2 be such that π(pi) = si, i = 1, 2. We have
π(Q(p1)) = Q(s1) = Q(s2) = π(Q(p2)),
therefore, there exists g ∈ G such that Q(p1) = Φg(Q(p2)) = Q(Φg(p2)) by equivariance.
Thus, since Q is injective, we have p1 = Φg(p2). This proves that s1 = s2. We now show
that Q is an immersion. Suppose that vs ∈ TS is such that TsQ(vs) = 0. For vp ∈ TpPS
such that Tπ(vp) = vs, we have
Tπ(TQ(vp)) = TQ(Tπ(vs)) = 0.
This proves that TQ(vp) is a vertical vector. Since Q is an equivariant embedding, vp
must be vertical. Thus, we obtain vs = Tπ(vp) = 0. This proves that Q is an immersion.
Let F ⊂ S be a closed subset. The preimage F = π−1(F ) ⊂ PS is also closed since π is
continuous. We can write
Q(F ) = Q(π(F)) = π(Q(F)),
and this space is closed since F is closed, Q is an embedding, and π is a quotient map.
(2) We now show the inclusion QKK ⊂ EmbO(PS, P ). We first verify that Q ∈ QKK
is injective. Given p1, p2 ∈ PS, we have
Q(p1) = Q(p2)⇒ Q(π(p1)) = Q(π(p2))⇒ π(p1) = π(p2)
by injectivity of Q. Therefore, there exists g ∈ G such that p2 = Φg(p1) and we have
Q(p1) = Q(p2) = Q(Φg(p1)) = Φg(Q(p1)). By the freeness of the action, we have g = e.
This proves that p1 = p2 and that Q is injective. We now prove that Q is an immersion.
Let vp ∈ TPS such that TQ(vp) = 0. The equality
TQ(Tπ(vp)) = Tπ(TQ(vp)) = 0,
shows that the vector vp is vertical, since Q is an immersion. Thus, we can write vp =
ξPS(p) for a Lie algebra element ξ ∈ o. By equivariance, we get
0 = TQ(ξPS(p)) = ξP (Q(p)).
This proves that ξ = 0 and that vp = 0. We now show that Q is a closed map. Let
F ⊂ PS be a closed subset. In order to show that Q(F) is closed, we consider a sequence
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(qn) ⊂ Q(F) converging to q ∈ P and we show that q ∈ Q(F). Define yn := π(qn) ∈
Q(F ), where F := π(F) and y := π(q). The sequence (yn) converges to y and we have
y ∈ Q(F ) since Q(F ) is closed. Thus, we can consider the sequence xn := Q
−1(yn)
converging to x := Q−1(y). Let (pn) ∈ F ⊂ PS be the sequence determined by the
condition Q(pn) = qn. Let s be a local section defined on an open subset U containing
x. Since π(pn) = xn, there exists gn ∈ G such that pn = Φgn(s(xn)), and we have
qn = Q(pn) = Q(Φgn(s(xn))) = Φgn(Q(s(xn)). Since the sequences (qn) and (Q(s(xn)))
converge, there exists a subsequence gnk converging to g ∈ O, by properness of the
action. Thus, (qnk) converges to Φg(Q(s(x))) = Q(Φg(s(x))), and Φg(s(x)) ∈ F since pnk
converges to Φg(s(x)) and F is closed. This proves that q ∈ Q(F). 
A.3 Momentum maps on trivial bundles
If the principal bundles are trivial, then the Kaluza-Klein configuration manifold is
QKK = EmbO(S ×O,M ×O) = Emb(S,M)× F(S,O)
by Lemma 3.7. Moreover, Q ∈ QKK , ϕ ∈ Aut(P ), and ψ ∈ Aut(PS) read
Q(s, g) = (Q(s), θ(s)g), ϕ(x, g) = (η(x), χ(x)g), and ψ(s, g) = (γ(s), β(s)g).
Thus the left and right compositions ϕ ◦ Q and Q ◦ ψ recover the actions (9) and (12).
In the same way PQ ∈ T
∗
QQKK can be written PQ(s, g) = (PQ(s), κθ(s)g). Thus, ζ :=
J ◦ PQ ∈ FO(PS, o)
∗ and PAQ :=
(
HorAQ
)∗
PQ read
ζ(s, g) = Ad∗g
(
(θ−1κθ)(s)
)
and PAQ(s) = PQ(s)− (κθθ
−1)(s)·A(Q(s)).
Here A denotes the one-form on M induced by the connection A, that is, we have
A(vx, ξg) = Adg−1
(
A(vx) + ξgg
−1
)
.
Since Q˜ ◦ ζ¯ can be identified with κθθ
−1, the left momentum map reads
JL (PQ)
=
(∫
S
(
PQ(s)− κθ(s)θ(s)
−1 ·A(Q(s))
)
δ(x−Q(s))dks,
∫
S
κθ(s)θ(s)
−1δ(x−Q(s))dks
)
∈ X(M)∗ ×F(M, o)∗.
(61)
We now show that this expression agrees with formula (10). Since the bundle is trivial,
a vector field U ∈ aut(P ) is naturally identified with the pair (u, ν) ∈ X(M) × F(M, o).
In this case, the connection dependent isomorphism, U 7→ (A(U), [U ]) reads simply
(u, ν) 7→ (A ·u + ν,u). Similarly, the one-form density β ∈ aut(P )∗ is identified with
the pair (m, C). In this case, the isomorphism β 7→
((
HorA
)∗
β, J ◦ β
)
reads simply
(m, C) 7→ (m− C ·A,C). This is exactly the transformation yielding (61) from (10).
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Concerning the right momentum map, using the formulas
dQ
(
HorAS(s,g)(vs)
)
= dQ (vs,−AS(vs)g)
= (dQ(vs),dθ(vs)g − θ(s)AS(vs)g)
A
(
dQ
(
HorAS(s,g)(vs)
))
= Ad(θ(s)g)−1
(
A(dQ(vs)) + (dθ(vs)g − θ(s)AS(vs)g) (θ(s)g)
−1
)
= Adg−1
(
θ−1A(dQ(vs))θ + θ
−1dθ(vs)−AS(vs)
)
,
and the expression (30), we get
JR
(
Q,PAQ, κθ
)
=
((
PAQ + κθθ
−1 ·A ◦Q
)
·dQ+ κθ ·(dθ − θAS) , θ
−1κθ
)
=
(
PQ ·dQ+ θ
−1κθ ·
(
θ−1dθ − AS
)
, θ−1κθ
)
=
(
PQ ·dQ+ κθ ·(dθ − θAS) , θ
−1κθ
)
.
This expression recovers (13) when AS is the trivial connection.
B Appendices on incompressible EPAut flows
B.1 Two dimensional EPAutvol equations
If the manifold M has dimension two, the volume form µM can be thought of as a sym-
plectic form, and a vector field u is divergence free if and only if it is locally Hamiltonian.
If the first cohomology of the manifold vanishes, H1(M) = {0}, then a divergence free
vector field u is globally Hamiltonian and we can write u = Xψ, relative to a stream
function ψ defined up to an additive constant. The space Xvol(M) can thus be identified
with the quotient space F(M)/R and the dual is given by functions ̟ on M such that∫
M
̟µM = 0. We denote by F(M)0 this space. The duality pairing is given by
〈[ψ], ̟〉 =
∫
M
ψ̟µM , [ψ] ∈ F(M)/R, ̟ ∈ F(M)0.
Note that ̟µM is an exact two-form since its integral over the boundaryless manifold M
is zero. This description of the Lie algebra and its dual is compatible with (37) in the
following sense. First, we have the isomorphisms u = Xψ ∈ Xvol(M) 7→ [ψ] ∈ F(M)/R,
and ω = ̟µM ∈ dΩ
1(M) 7→ ̟ ∈ F(M)0. Second, the corresponding duality pairings
verify
〈̟µM , Xψ〉 = 〈̟, [ψ]〉.
Consistently, the correspondent functional derivatives of a Lagrangian l are related by
the formula
(62)
δl
δu
=
δl
δ[ψ]
µM .
Inserted into (38), this relation yields the system
(63)

∂
∂t
δl
δ[ψ]
+
{
δl
δ[ψ]
, ψ
}
+
{
δl
δνi
, νi
}
= 0
∂
∂t
δl
δν
+
{
δl
δν
, ψ
}
+ ad∗ν
δl
δν
= 0,
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where in the last term of the first equation, summation over i is assumed. At this
point, an interesting analogy appears with the equations of reduced MHD in the so
called low β-limit Morrison and Hazeltine [1984]; Marsden and Morrison [1984]; Holm
[1985]. These equations are Lie-Poisson on the dual of the semidirect-product Lie algebra
Xvol(R
2)sF(R2,R), that is the Lie algebra of Autvol(R
2 × S1) ≃ Diffvol(R
2)sF(R2).
More particularly, the low β-limit of the reduced MHD equations arises as the EPAutvol
system (63) on R2 × S1 with the Lagrangian
l(ψ, ν) =
1
2
∫ (
|∇ψ|2 + |∇ν|2
)
dx dy
Analogous versions involving a non-Abelian group O are easily obtained.
B.2 Group actions for the Marsden-Weinstein dual pair
Let S be a compact manifold with volume form µS and let (M,ω) be an exact (and hence
noncompact) symplectic manifold, with ω = −dθ. We endow the manifold Emb(S,M)
of embeddings with the symplectic form
(64) ω¯(f)(uf , vf) =
∫
S
ω(f(x))(uf(x), vf(x))µS.
Right momentum map. The infinitesimal generator associated to the right action of
the group of volume preserving diffeomorphisms is given by
uEmb(f) = Tf ◦ u, u ∈ Xvol(S), f ∈ Emb(S,M)
and the associated momentum map (43) reads
JR(f) = [f
∗θ] ∈ Ω1(S)/dF(S)
We now check that JR verifies the momentum map condition. Since the action of the
diffeomorphisms of M on Emb(S,M) is infinitesimally transitive, any tangent vector at
f ∈ Emb(S,M) is of the form v ◦ f , and it suffices to show the equality
d 〈JR,u〉 (f)(v ◦ f) = ω¯ (uEmb,v ◦ f) , for all f ∈ Emb(S,M) and v ∈ X(M).
Given a curve ϕt ∈ Diff(M) with
d
dt
∣∣
t=0
ϕt = v, we have
d 〈JR,u〉 (f)(v ◦ f) =
d
dt
∣∣∣∣
t=0
〈JR(ϕt ◦ f),u〉 =
d
dt
∣∣∣∣
t=0
∫
S
((ϕt ◦ f)
∗θ)(u)µS
=
∫
S
(f ∗£vθ)(u)µS = −
∫
S
iuf
∗(ivω)µS
=
∫
S
ω(Tf ◦ u,v ◦ f)µS = (iuEmbω¯)(v ◦ f).
This proves the desired formula.
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Left momentum map and the central extension of Diffham(M). The momentum
map one should obtain from the left action of Hamiltonian diffeomorphisms has the
expression (44)
JL(f) =
∫
S
δ(n− f(x))µS ∈ F(M)
∗.
Note however that there is an ambiguity in this formula since it confuses the Lie algebra
of Hamiltonian vector fields with the Lie algebra of Hamiltonian functions. In order to
overcome this difficulty, it is necessary to consider the action naturally induced by the
prequantization central extension of the subgroup Diffham(M) of Hamiltonian diffeomor-
phism. The crucial property for us being that the Lie algebra of this central extension is
isomorphic to the space of functions on M endowed with the symplectic Poisson bracket.
In the particular case of an exact symplectic form ω = −dθ, the prequantization
central extension of Diffham(M) is diffeomorphic to the cartesian product Diffham(M)×R
and is described by a group two cocycle B. We denote by Diffham(M)×B R this central
extension. The ILM-cocycle B is described in Ismagilov, Losik, and Michor [2006] and
depends on the choice of a point n0 ∈M . It is given by
(65) B(ϕ1, ϕ2) :=
∫ ϕ2(n0)
n0
(θ − ϕ∗1θ) , ϕ1, ϕ2 ∈ Diffham(M),
where the integral is taken along a smooth curve connecting the point n0 with the point
ϕ2(n0). It is known that the 1-form θ − ϕ
∗
1θ is exact for any Hamiltonian diffeomor-
phism ϕ1 (McDuff and Salamon [1998]), so the value of this integral does not depend
on the choice of such a curve. Moreover the cohomology class of B is independent of
the choice of the point n0 and of the 1-form θ such that ω = −dθ, see Theorem 3.1
in Ismagilov, Losik, and Michor [2006]. As it is well-known (Kostant [1970]), the Lie
algebra of the prequantization central extension is isomorphic to the space of smooth
functions on M endowed with the symplectic Poisson bracket. In the particular case of
Diffham(M)×B R, the Lie algebra isomorphism being given by
(66) Xham(M)× R→ F(M), (Xh, a) 7→ h+ a− hθ(n0),
where hθ = h−θ(Xh), see Gay-Balmaz and Tronci [2011] for a detailed computation and
further use of the ILM cocycle.
We consider the left action of (ϕ, α) ∈ Diffham(M) ×B R on Emb(S,M) given by
(ϕ, α) · f := ϕ ◦ f . The infinitesimal generator associated to the Lie algebra element
h ∈ F(M) reads
hEmb(f) = Xh ◦ f.
With this geometric setting, we obtain that the momentum mapping associated to the
left action of the central extension Diffham(M)×B R on Emb(S,M) is given by
JL : Emb(S,M)→ F(M)
∗, JL(f) =
∫
S
δ(n− f(x))µS,
that is,
〈JL(f), h〉 =
∫
S
h(f(x))µS.
46
A direct computation shows that the momentum map condition
d 〈JL, h〉 (f)(vf) =
∫
S
(dh(vf (x)))µS =
∫
S
ω(Xh ◦ f, vf )µS = ihEmbω¯(vf ),
is verified for all vf ∈ Tf Emb(S,M).
We recall below from Marsden and Weinstein [1983] some remarkable properties of
these momentum maps.
Remark B.1 (Equivariance, Clebsch variables, and Noether theorem) It is read-
ily seen that the momentum maps are equivariant, since we have
JR(f ◦ η) = η
∗JR(f) and JL(ϕ ◦ f) = ϕ∗JL(f),
for all η ∈ Diffvol(S) and ϕ ∈ Diffham(M). Therefore, these maps are Poisson and provide
Clebsch variables for the Lie-Poisson equations on F(M)∗ and Xvol(S)
∗. For appropriate
choices of Hamiltonian, one obtains the Vlasov equation on M and Euler’s equation on
S. In particular, JL can be interpreted as a singular Klimontovich solution of the Vlasov
equation on F(M), Holm and Tronci [2009]. See Marsden et al. [1983] for a geometric
treatment of the Vlasov equation in plasma physics.
One also notices that JL is invariant under the right action of Diffvol(S) and JR is
left-invariant under the action of Diffham(M)×BR. Therefore, the collective Hamiltonians
are invariant and, by Noether’s theorem, these momentum maps provide a conservation
law for the Clebsch variables.
Remark B.2 (Two dimensional coincidences) A very interesting coincidence holds
for the case of Euler’s equation in two dimensions. In this case, Euler’s equation for the
vorticity ω ∈ Xvol(R
2)∗ has exactly the same form of a Vlasov equation on F(R2)∗ and,
upon denoting by {·, ·} the canonical Poisson bracket in M = R2, the right momentum
map becomes JR(Q,P ) =
∑k
i=1 {Q
i, Pi} which coincides with the Clebsch representation
of the Vlasov distribution in F(R2)∗. However, in two dimensions, the left leg momentum
map also returns a solution of Euler’s equation. In particular, if S is a point with a certain
weight w ∈ R and the fluid moves in M = R2, then the left momentum map JL yields
another Clebsch representation of the vorticity, which is the well known point vortex
solution on the plane. As we shall see, this coincidence does not hold for EPAutvol.
B.3 Proof of Theorem 5.1
We shall proof this result in the case when w = 1 in (45), since extending to arbitrary
values of w is straightforward. We know from the definition of momentum map that
inserting Jβ = 〈J, β〉 in the Poisson bracket (45) must return the infinitesimal generator
(46), that is
{F, 〈JR, (u, ζ)〉} = dF
(
(u, ζ)Emb(R3,R2k×o∗)×F(R3,O)
)
, for all (u, ζ) ∈ Xvol(R
3)sF(R3, o).
This proof shows that the above relation holds.
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One evaluates
J(u,ζ) := 〈JR, (u, ζ)〉 =
∫ (
∇Q · P + Tr
(
µT ∇θ θ−1
) )
· u+
∫
Tr
(
µT Adθ ζ
)
(67)
Since the (Q,P )-components of the infinitesimal generator are evidently recovered by a
simple verification, we focus on the (µ, θ)-components. As a first step, we compute the
θ-component, which arises from the second term in the bottom line of (45). Thus, first
we calculate
δJ(u,ζ)
δµ
= u · ∇θ θ−1 +Adθ ζ
and therefore we obtain∫ 〈
δF
δθ
,
δJ(u,ζ)
δµ
θ
〉
=
∫ 〈
δF
δθ
,
(
u · ∇θ θ−1 +Adθ ζ
)
θ
〉
=
∫ 〈
δF
δθ
, (u · ∇θ + θζ)
〉
which evidently coincides with the θ-component of the Lie algebra action in (46).
We now focus on the µ-component. As a first step, we compute∫ 〈
µ,
[
δF
δµ
,
δJ(u,ζ)
δµ
]〉
=
∫ 〈
µ,
[
δF
δµ
, (u · ∇θ) θ−1 +Adθ ζ
]〉
=−
∫ 〈
ad∗(u·∇θ) θ−1 µ,
δF
δµ
〉
−
∫ 〈
ad∗(Adθ ζ) µ,
δF
δµ
〉
.
The θ-variation of J(u,ζ) is expressed as
δJ(u,ζ) =
∫
Tr
(
µT∇δθθ−1 − µT∇θθ−1δθθ−1
)
· u+
∫ 〈
Ad∗θ
(
ad∗δθθ−1 µ
)
, ζ
〉
=−
∫
Tr
(
u · ∇(θ−1µT )δθ
)
−
∫
Tr
(
θ−1µT (u · ∇θ)θ−1δθ)
−
∫
Tr
(
θ−1
(
ad∗(Adθ ζ) µ
)T
δθ
)
,
where we have used the general formula Marsden and Ratiu [1999]
δ
(
Ad∗θ−1 µ
)
= Ad∗θ−1
(
δµ− ad∗θ−1δθ µ
)
.
Therefore
δJ(u,ζ)
δθ
= −u · ∇
(
µ(θ−1)T
)
− (θ−1)T
(
£uθ
T
)
µ(θ−1)T −
(
ad∗(Adθ ζ) µ
)
(θ−1)T
and the last term in (45) yields
−
∫ 〈
δJ(u,ζ)
δθ
,
δF
δµ
θ
〉
= −
∫
Tr
(
θ
δJ(u,ζ)
δθ
T δF
δµ
θ
)
=
∫
Tr
((
θ£u
(
θ−1µT
)
+ µT (£uθ) θ
−1 +
(
ad∗(Adθ ζ) µ
)T) δF
δµ
)
=
∫
Tr
(([
µT , (£uθ) θ
−1
]
+£uµ
T +
(
ad∗(Adθ ζ) µ
)T) δF
δµ
)
=
∫ 〈(
ad∗((£uθ)θ−1) µ+£uµ+ ad
∗
(Adθ ζ)
µ
)
,
δF
δµ
〉
.
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In conclusion, we are left with∫ 〈
µ,
[
δF
δµ
,
δJ(u,ζ)
δµ
]〉
−
∫ 〈
δJ(u,ζ)
δθ
,
δF
δµ
θ
〉
=
∫ 〈
£uµ,
δF
δµ
〉
which coincides with the µ-component of the infinitesimal generator in (46). 
B.4 Proof of Theorem 5.3
For each Hamiltonian automorphism ϕ ∈ Autham(P ), the 1-form ϕ
∗θ − θ is exact and
O-invariant, hence there exists a function Fϕ ∈ F(P ) such that dFϕ = ϕ
∗θ − θ. Let
Ψϕ : O → R be the map defined by
Ψϕ(g) := Fϕ − Fϕ ◦ Φg ∈ R, for all g ∈ O.
Then Ψϕ is independent of the choice of the function Fϕ and is a group homomorphism,
that is, Ψϕ(gh) = Ψϕ(g) + Ψϕ(h). We thus get a map
Ψ : Autham(P )→ Hom(O,R), ϕ 7→ Ψϕ.
To show that Ψ is a group homomorphism, we use the identity dFϕ◦ψ = d(ψ
∗Fϕ + Fψ)
and the O-equivariance of ψ to obtain, for all g ∈ O,
Ψϕ◦ψ(g) = ψ
∗Fϕ − Φ
∗
gψ
∗Fϕ + Fψ − Φ
∗
gFψ = ψ
∗Ψϕ(g) + Ψψ(g) = (Ψϕ +Ψψ)(g).
This proves that Ψ is a group homomorphism, so its kernel Autham(P ) := ker Ψ is a
normal subgroup of Autham(P ), by the first homomorphism theorem.
In order to find its Lie algebra, we compute the associated Lie algebra homomorphism
β : autham(P )→ Hom(O,R).
Let Xh, h ∈ F(P ), be an O-equivariant Hamiltonian vector field on P and let ϕt be a
curve of Hamiltonian automorphisms of P such that d
dt
∣∣
t=0
ϕt = Xh. We know from (55)
that there exists a function Ft := Fϕt on P such that ϕ
∗
tθ − θ = dFt. Then we obtain
d
(
d
dt
∣∣∣∣
t=0
Ft
)
= £Xhθ = d (iXhθ − h) ,
which we use, together with the O-invariance of the function iXhθ, to compute
β(Xh)(g) =
d
dt
∣∣∣∣
t=0
Ψϕt(g) =
d
dt
∣∣∣∣
t=0
(Ft − Ft ◦ Φg)
= (iXhθ − h)− (iXhθ − h) ◦ Φg = h ◦ Φg − h.
Note that, as it should, the expression h ◦ Φg − h depends only on Xh and not on the
chosen Hamiltonian.
In conclusion the homomorphism β(Xh) measures the lack of O-invariance of the
Hamiltonian function h. This means that ker β = autham(P ), the Lie algebra of Hamil-
tonian vector fields with invariant Hamiltonian functions. The integrated version of this
ideal is the normal subgroup Autham(P ) = ker Ψ of Autham(P ). 
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